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ABSTRACT
The static and dynamic behavior of helicopter rotor blades has been
investigated analytically and experimentally. A new model capable of
handling arbitrarily large deflections in beams was developed. The model is
based on the use of Euler angles and can take into account all the structural
couplings such as bending-twist and extension twist, which are introduced by
the use of composite materials. A finite-differences iterative solution procedure
is also presented. The first part of the model addresses the behavior of blades
under static loads, and in the second part, a linearized version of the same
model is used to analyze the small amplitude vibration behavior of these blades
about their static deflected position and determine their natural frequencies
and mode shapes. Both models were implemented in a computer code and the
solution technique is fast and efficient. A new method to calculate the beam
stress-strain properties of box-beams made of anisotropic composite material
laminates was also developed. Several graphite/epoxy flat beams were
manufactured with various lay-ups to demonstrate the influence of structural
couplings. In the first series of tests, the beams were cantilevered and large
static deflections were measured. In the second group of tests, the beams
natural frequencies were measured. Blades of different thicknesses which
exhibits various amounts of deflections under their own weight were used and
it was found that these deflections have a strong influence on the torsion and
fore-and-aft modes frequency. These effects were also observed in the analysis
results and agreement between analysis and experiment was good for both
static and dynamic results.
Thesis Supervisor : John Dugundji
Professor of Aeronautics and Astronautics
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Chapter 1
Introduction
1.1 Introduction and Previous Work.
In the analysis and design of any helicopter, a major problem is to
determine the dynamic and aeroelastic stability of the rotor blades to assure
the structural integrity of the helicopter within its flight envelope. The first
step in that problem is to develop a model capable to make predictions of the
blade dynamic characteristics by calculating its natural frequencies and mode
shapes. It is very important for this model to be accurate since the results from
other analyses, such as, for instance, flutter, ground or air resonance, depend
directly on the natural frequencies of the rotor blades. Also, of great
importance in these problems is the study and modelling of the coupling
between flap bending, lag (fore-and-aft) bending and torsion vibration modes
which governs strongly the behavior.
Although the initial study of the dynamics of rotor blades dates back
about thirty-five years, it has received some considerable attention in the recent
years. One of the reasons for that attention is the introduction of composite
materials which are emerging as a primary material for rotor blades and are
showing great promise for improved performances in a new generation of
helicopters. Many benefits from the choice of composite materials over metals
have been demonstrated, such as improvements in fatigue strength, damage
tolerance and overall costs (Ref. 1). Additional benefits can also be obtained by
taking advantage of the orthotropic nature of composites and tailoring the
blade design to further improve its strength and aeroelastic characteristics.
Recently, the use of bending-twist and extension-twist couplings has been
- 16-
investigated, the first one mostly to improve the flutter characteristics and the
second one to improve rotor performance by controlling the blade twist, which
is important in determining the aerodynamic lift and drag distribution, for
varying rotor rotation speeds (Ref. 2, 3, 4, 5). Also, in recent years, the design of
rotor blades itself has been evolving rapidly with the introduction, for instance,
of hingeless (bearingless) rotors, nonlinear twist distributions, curved blades
and swept tips (Ref. 6, 7).
The introduction of all these changes has made many existing blade
models inadequate and different new models have been proposed in the
literature. Most of the initial work on the subject focused first on obtaining a
set of equations capable of describing the linear coupled bending and twisting
behavior of nonuniform blades (Ref. 8, 9). However, it has been shown that
nonlinearities caused by large displacements and rotations can be important
in calculating the dynamic response and stability of rotor blades, especially
when a hingeless configuration is used (Ref. 7, 10). Most of the work in this
area has focused on obtaining a set of nonlinear equations capable of handling
large rotations accurately. Most of these procedures rely on some ordering
scheme where equations are expanded into some power series up to a certain
order, usually quadratic or cubic, with a great deal of arguing among different
authors as to which terms should be retained in these equations. The resulting
models can be fairly cumbersome (with many pages of equations) and there is
always some uncertainty as to the accuracy of the procedure (Ref. 11, 12, 13, 14,
15, 16). Alternatively, the finite element method has been used successfully by
some authors, although at a higher computational cost (Ref. 17).
-17-
1.2 Research Obiectives.
The goal of this thesis is to investigate the static and dynamic behavior of
helicopter rotor blades. The first step in this study is to develop an analytical
model to describe the static behavior of blades under arbitrary loads. This
model is presented in Chapter 2 and in view of the background information
presented, it must be capable of handling arbitrarily large deflections and
rotations without the limitations of the existing models and without the need
for an ordering scheme. Unlike most existing models, it includes the most
general form of stress-strain relations in order to represent all the structural
couplings introduced by the use of composite materials. It is assumed that a
blade is long enough compared to its cross-section size to behave as a beam.
Using Euler angles to describe the deformed position of the beam, a set of
twelve first order nonlinear differential equation can be developed. These
equations can then be discretized with a simple centered finite-difference
scheme and solved with an iterative integration scheme. With this new
procedure, and unlike other published schemes, no series expansion is
necessary and all geometric nonlinearities are retained completely. The
procedure is also very efficient and the computer times involved are very
modest. The obtained set of equations can be then linearized around a given
static position in order to analyze the small amplitude vibrations of the beam
around its large static deflection position. Using the influence coefficients
method and an iterative procedure similar to the one used for the static case,
an eigenvalue problem can be set-up and solved to find the beam natural
frequencies and mode shapes. Finally, in the last part of the analysis, a new
procedure to calculate generalized stress-strain relations for a rectangular box
beam with a skin made of anisotropic lay-up is presented.
- 18-
In order to verify these models, a series of experiments using
cantilevered composite beams were performed. The manufacturing and
testing procedures are described in Chapter 3 and their results are reported in
Chapter 4. The first group of tests consisted of static bending deflections
measurement performed on several thin flat beams with lay-ups exhibiting
different types of couplings. In the second group of tests, similar thin beams
were excited with an electromagnetic shaker to determine their natural
frequencies. By using laminates of different thicknesses, which will bend
differently under their own weight, it is possible to measure the frequencies of
beams with different static curvatures and examine the influence of the static
deformation. Different box beams were also manufactured and tested with the
same procedure. In addition to verifying the analytical models, these data
should also provide some useful references to other researchers in the field:
currently, most other published papers compare themselves with the data
presented in Ref. 18 and obtained more than ten years ago for an aluminum
beam, with few similar data being available in the open literature.
In Chapter 5, analysis results and experimental data are compared and
discussed. Some examples of the use of the analytical procedure are then
presented for a blade with properties typical of an actual helicopter rotor blade.
The most interesting results are the couplings that develop between the torsion
and fore-and-aft (lead-lag) vibration modes when even small static deflections
are present, and the couplings between bending and torsion modes created by
the presence of structural couplings. Finally, these observations are
summarized and some conclusions are presented in Chapter 6.
- 19-
Chapter 2
Analytical Models
2.1 Introduction.
In this chapter, all the analytical tools developed for this project will be
presented. The first major part of the analysis is to develop a model for the
large (nonlinear) static deflection behavior of beams with various kinds of
structural couplings such as extension-twist and bending-twist. The second
part uses the results from the first part to derive a linearized model which is
used to analyze the small amplitude vibration behavior of a beam around its
static position. These two models are then extended to include some additional
effects such as the influence of centrifugal forces and of simple air loads.
2.2 Large Deflection Beam Model.
First, all the necessary equations for the static large deflection model of
a beam will be presented. While doing this, some of the basic assumptions of
the classical theory of beams will be briefly recalled and the ones that need to be
modified in order to analyze the large deflection behavior of beams will be
indicated. The first assumption of the classical theory is that the beam is much
longer in one direction and its cross-section is undeformable, and therefore
will not change shape under load. This allows one to reduce the problem to a
one-dimensional model where all displacements are function of only one
coordinate, namely the beam arc length s measured along some reference
-20-
line. This assumption is usually true for most helicopter rotor blades and will
therefore be retained here.
Therefore, the beam position in space can be completely described by the
position of its reference line. As shown in Figure 2.1, two coordinate systems
are introduced: the first one, (x,y,z), will hereafter be referred to as the global
coordinate system which will remain fixed in space at all times; the second
one, (,4,il,), is the local axes system which will follow the beam cross-section
during its motion. For the time being, it will be assumed that the transverse
shear strains in the cross-section are not significant so that it can be assumed
that the cross-section remains orthogonal to the reference line at all times.
Using this assumption, it follows that the 4 axis will be both normal to the
cross-section and tangent to the reference line. The other two axes 71 and r,
then belong to the plane of the cross-section and can be chosen arbitrarily.
In order to describe the deformation of the beam in space, the reference
line position is identified by its three displacements u,v,w measured along the
global axes. The attitude of the cross-section, and thus of the local axes system,
is described with the use of the three Euler angles V, P, 0 as shown in Figure
2.1. In order to go from the global to the local axes, rotations are done in the
following order: N around the ý axis, P around the new i1 axis and 0 around
the new 4 axis. A transformation matrix from the global to local axes system is
then defined as:
-21-
Local axes
X
Global axes
Illustration of Local and Global Axes and of Euler Angles.
r
Figure 2.1
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S [T] 1Y
LzJ (2.1)
with i"x'y, z
[T]
global axes base vectors
local axes base vectors
transformation matrix
The transformation matrix can be obtained by performing the three individual
rotations in the order indicated above:
0 0 i cos •
cos 0 sine 0
- sinO cosO L- sin j
0 sino l cosN
1 0 siny
0 cospJ 0
sinV 0
cosy 0
0 1i
All multiplications completed, the transformation matrix is:
cos 0 cos N cos 0 sin Nf
- cos 0 siny
- sinO sin cosf
+ sin 0 sinN
- cos 0 sinf cos V
+ cos 0 cos V
- sin 0 sin P sinV
- sin 0 cos N
- cos 0 sin 0 sinN
sinOcos 0
cos cos 0
I' l
LrJI
[ -1 =
C - 0
Fxl
y
-Z
[T] =
sin p
(2.2)
-23-
Also, as for all rotation matrices, the inverse of the rotation matrix is equal to
its transpose and is also the rotation from local to global axes:
[T]- = [T ] (2.3)
When moving the local coordinate system along the reference line from a point
s to a point s+ds, the local axes (4,Tl,C) undergo a small rotation and the
change in the transformation matrix is given by the following rotation:
d[ T ]ds [o] [T1
ds (2.4)
with [0l = 0[: 0()
co - o• 0
and o = twist rate
o 0 = bending curvature around ir axis
Co = bending curvature around C axis
After postmultiplying both sides of the equation by [T] "' and taking the
derivatives of [T], the following relations are obtained:
dO + sine
C ds ds
0 = - coso + sine cosp dV1 ds ds (2.5)
dp dy
= sine0 d + cos0 cos dC ds ds
-24-
The next step in beam theory is usually to write equilibrium equations
for a differential element of the beam reference line. For the classical theory of
beams, in order to keep the equations linear, equilibrium equations for a
section of the beam are written in the beam undeformed position, so that
stresses and displacements are not directly coupled in the equilibrium
equations. The present model has to differ on this point since in the large
deflection problem, it is necessary to take into account the beam deformed
position in space while evaluating equilibrium equations.
On each cross-section, it is further assumed that the internal stresses
can be defined by their resultant force and moment vector which are defined in
the cross-section local coordinates:
=F +F2rF + F3 or = F 'F
(2.6)
&=Mr + + 2 M 3 or = M1 2M
Equilibrium equations can then be written by considering an infinitesimal
element of beam of length ds with forces P and moment M acting on one side
and P + d0 and M + d-1 on the other side as shown in Figure 2.2. Because of
the large deflections and rotations, two types of distributed forces and moment
are considered as applied on this element: the first type represents loads that
are measured in the global coordinate system and the second type represents
loads that are measured in the local coordinate system. For example, gravity
-25-
loads should always be measured in global axes and aerodynamic loads should
be used in local axes. Thus, writing first the translation equilibrium in global
axes, the following three equations are obtained:
T T T L G
-[T T  p + ([T]+ [dT]) (P+ d') + [T PL ds + PG= 0
with P :load vector in local axis
G : load vector in global axis
Premultiplying by [T] and using (2.4), the final equations are:
d_ T L Gds + [co] P + P + [TIP =0ds (2.7)
Or, expanding this matrix equation, three scalar first order differential
equations can be written:
ds 2 3 11 1 12 2 13 3 12 G G G L
dF 2 +O F -o F +T P +T P +T P +P =0
ds 1 3 21 1 22+T 2 23 3 2
dF 3 G G G Lds - m FI+ co F +T P +T P 2+T P +P =0ds 71 1 2 31 1 2 2 33 3 3
-26-
-G
OL
X
dM
-G
M
X
Illustration of Force And Moment Equilibrium.
z
z
Figure 2.2
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Similarly, the moment equilibrium can be written around the left side of
the beam element:
-[T] d-I + ([T] + [dT])T (I+ d4) + [T] (dr x (P + dp))
+ [T] ML ds + G ds= 0
with Lapplied moment inlocal axis
with : applied moment in global axis
dr = (ds,0,0 ) , = d unit tangentds
Premultiplying by [T], the final equations are:
ds + [CO1 T + (fxo) + M + [T] = 0 (2.8)
Expanding this relation in scalar form, gives the following first order
differential equations:
dMs1 G G G L
ds O M -o M + T M +T M +T M L+M F =0
ds 4 3 211 22 2 233 2 3dM3+_0 MM -+COM +T M +T M G +T M G +M -F = 0
dM3  G G G L
ds -c1M +o M 2 +T 31 M 1 +T M2 +T M +M3  + F =0
Note that these equilibrium equations are nonlinear in two respects: first, the
curvature tensor [co] is a function of the internal force and moment vector so
that the second term in the equilibrium equations is actually a quadratic type
term. Second, the loading may depend on the deformation, that is on the three
-28-
Euler angles which appear in the transformation matrix [T]. These nonlinear
force and moment equilibrium equations in local coordinates are similar to
these given, among others, by Rivello in Ref.19.
As in any structural mechanics model, the next group of equations
necessary to the solution of the problem is a series of compatibility equations
relating the generalized strains to the displacements, which, in this model,
are the curvatures and Euler angles respectively. Going back to equations (2.5)
and inverting them, the following relations are found:
des- C -sin0tan0 o- cos0 tan co3
dpds -cos0 CO + sin (2.9)cods 1 C (2.9)
dW sin 0 cos O
ds cos 0 cn os 0 C
Note that these equations become singular for x = i/2, which indicates that
Euler angles cannot be used if a segment of the beam is parallel to the z axis.
For practical purpose, this is not considered a serious limitation for the kind of
beams that will be analyzed in this study. Note, however, that other similar
representations are available which overcome this limitation of Euler angles,
such as Euler Parameters or Rodrigues Parameters (Ref. 14).
Another set of compatibility equations relates displacements and Euler
angles using the transformation matrix:[dx ] (T + e) ds
dy = [T] 0
dz 0
-29-
where E is the axial strain along the reference line. Expanding this also gives
three first order differential equations:
dx
d = (1+E) Cos CosN
dy
ds (1+E) coslsinN (2.10)
- (1+E) sinfds
where x,y,z represent the coordinates of the deformed reference line.
The last relations needed to complete the system of equations are a set of
generalized stress-strain relations. In its most general form, they can include
couplings between all six stresses, i.e. the three force resultants and the three
moment resultants, and all six strains, i.e. the axial strain, the two transverse
shear strains, the twist rate and the two bending curvatures.
F
1
F 2
F 3
M
M 2
M
El E E E E E11 E12 E13 E14 15 16
E 2 E E2 E E
E EE E E33 34 35 36
E E E44 45 46
SYM E E
E 66
E
C0
011
co
(2.11)
In this notation, E44 represents torsional stiffness, E55 and E66 bending
stiffnesses, etc...
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2.3 Solution Procedure.
All the necessary equations have now been obtained for the static large
deflection model. Everything considered, there are twelve unknowns, i.e.,
three force components, three moments, three angles and three
displacements, after eliminating the curvatures and strains by the inverted
stress-strain relations (2.11). Corresponding to these twelve unknowns, there
are also twelve first-order nonlinear differential equations, namely equations
(2.7), (2.8), (2.9), (2.10).
To solve this system, these equations are first discretized by dividing the
beam into a finite number of nodes (N) and using centered finite-differences
formulae to represent derivatives. For instance, for the first group of force
equilibrium equations written as:
dF
s + G = 0 k = 1,2,3ds k
one obtains:
i+l i 1F -F i+k k 2k + G =0 k=1,2,3
A k(2.12)
k  2 k  i=l,N-
This gives the following recurrence equation:
i+l F As i+l iF = F kG + G' k = 1,2,3k k 2 k k
i = 1, N-1 (2.13)
A similar form can be easily obtained for the moment equilibrium equations
(2.8) and the compatibility equations (2.9) and (2.10).
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Then, it is important to note that for the case of cantilevered beams
which will be considered here, all forces and moments are known boundary
conditions at the tip of the beam, and all angles and displacements are given at
the root of the beam:
N NF = 0 and M = 0 k=1,2,3k k
= 1 Ni = 0 and x= yl = z =0 (2.14)
Using these conditions, the following iterative procedure is then used to
integrate these discrete equations:
1) All quantities are initialized to zero.
2) Force (2.7) and moment (2.8) equilibrium equations are integrated from the
tip of the beam to the root, i.e. from i=N-1 to i=1, using the relations (2.13).
Note that in the G term in these relations, both curvatures and angles are
present and are a function of forces and moments. However, at this step
these are kept constant at the value they had at the previous iteration.
3) New curvatures oi are calculated using the inverted stress-strain relations
and the forces and moments calculated in the previous step.
4) New angles and displacements are calculated by integrating the
compatibility equations (2.9) and (2.10) discretized in the same way as the
equilibrium equations (2.13), and proceeding now from the root to the tip.
5) A convergence test is applied and if not met, a new iteration is done starting
at (2). The following criterion based on the change in tip displacements
between two successive iterations is used:
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Ax yN N
L' L' L < e
with e = 10-5 typically, and L = beam length
Normally, a certain loading is applied to the beam and the
corresponding displacements are found directly using this procedure. For
certain cases however, it is necessary to stabilize the iterations by using some
form of under-relaxation, especially when axial loads (either tensile or
compressive) are present. It is also possible to use an incremental loading by
starting step (1) with the solution obtained at the previous load level. When
using under-relaxation, the following modification is done at step (4) when
updating the angles:
Normally:
n+1 n+1 i+1
[0 i+1] = [i] + A 2
which becomes:
[+n+1 n n+1
i +  
= (1-0) [i+1] + ([i ]  I+ (2.15)
where a is the under-relaxation factor, from 1 (no under-relaxation) to 0 (no
increment for 1i + 1) and n is the iteration number. An identical formula is
used for f3 and V.
The choice of a value for a is given primarily by experience and is
mostly affected by the magnitude of the axial load applied to the beam, for
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instance through centrifugal forces. In that case, the higher the loads, the
lower the relaxation factor. Typical values in the examples shown in Chapter 5
ranged from 1 to 0.3.
Once new angles have been calculated with under-relaxation, it is
necessary to calculate, using equations (2.5), a new value for the three
curvatures based on the new angles in order to still satisfy exactly the
compatibility relations. If that is not done, the integration of the equilibrium
equations (2.7) and (2.8) will be inaccurate because of the inconsistency
between curvatures and angles, and lead to an unstable scheme in the
presence of axial loads.
2.4 Applied Loads.
Three main kinds of loadings are considered applied on the blades in
this study: simple gravity, centrifugal forces, and aerodynamic loads.
For the simple gravity loads under the blade's own weight, one adds the
single loading term:
P 
-mg3 (2.16)
with m: blade mass per unit length
g: gravity constant
The equations are then solved with this loading.
The next type of loading consists of centrifugal forces, or, more
precisely, their time-independent component. Using the well-known relation to
define the force acting on a volume element dV (see Figure 2.3) :
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d_ = -p ( hbx (? )) dV (2.17)
with p: mass density
h: rotation vector, assumed as acting around the Z axis
and the deformed position vector is:
T T T
)T ]T (2.18)
=( x,y,z) +( T 21  +T 3  T 21+T  T 23l+T33 (2.18)
The first part of the position vector above represents the position of center of the
cross-section and the second part the position in global axes of a point (4,rl) on
that cross-section.
Integrating this force over the cross-section gives the force resultant per unit
length defined in global axes. But, first the definition of some well-known
quantities:
fflpildild = mtcg, 9Jp • di d = m cgA A
ffpn 2 drl = I , Al2 dldC = In
A pA d dn d = I
A
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dF
Figure 2.3 Illustration of Centrifugal Forces.
2
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Using these quantities, centrifugal forces are expressed as:
GP 1
GP22
= l 2mx +T 21 cg+T 31 cg
= •m y +T 2 cg+T 3;C (2.19)
P =03
Similarly, centrifugal moments can be calculated by taken the moment around
the center of the cross-section:
d Gd 2h M=x dP with 3 =
2 my(T 2 cg+T cg)
+ TT +TT I
2 mx(T 2 3r1cT 3 3 cg
+(T2 T +Tn1T )I'
+T T2 ITT + T2T I
+TTI +T T I21 + 31TM33
J (2.20)
MG 2 += my T i4lcg+T3lTC) -m x T ,eg+T ;cg)
These forces and moments are then included in the equilibrium equations.
The last type of loading considered in this study is the blade
aerodynamic loading. This problem alone could be the subject of a whole
GM
1
GM2
p?+T,
22 TI+ T3
23 11+ T 33
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research project but is not the main focus of this research. Thus, a very simple
model based on two-dimensional strip theory and hovering flight is used here
to get some reasonable estimates of the air loads. Under these assumptions,
the forces acting on a section of a blade are defined as:
Lift: dL =-pc C a U2 ds
Drag: dD = pcCD U2 ds (2.21)2 U2 ds
Moment: dM= p c2CM 2 ds
where p is the air density, U is the local flow velocity in the plane of the section,
a is the local angle of attack, also in the plane of the section, c the chord, CLa
the slope of the lift curve, CD the drag coefficient, CM the moment coefficient.
The component of the flow velocity normal to the plane of the section, V1 , is
usually ignored.
For a rotating blade, the apparent flow velocity is defined in global
coordinates as:
V = x = (-x y, Qx,O)T
and , in local coordinates, as:
V = n (-T 1 1 y+T x) 0
V 3 = ( - T y +  32x ) (2.22)
2 2
= V +V- • 2 "32 3
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In addition to the velocity created by the rotation of the blade, one needs to take
also into account the induced velocity component (inflow) normal to the plane
of a lifting rotor. Several models of increasing complexity are available for this
problem: the simplest one assumes a uniform radial distribution of the inflow
velocity based on overall momentum equilibrium across the plane of the rotor;
the next level of inflow model, which is used here, is based on momentum
equilibrium of ring elements, and leaves the inflow velocity to vary along the
span of the blade; more sophisticated models attempt to represent the blade
actual wake by use of various vortex models. If it is assumed that the induced
velocity v is normal to the plane of the rotor, it can be expressed in local blade
coordinates as:
TS= (0,-T23v,- T33v) (2.23)
Here, following the procedure shown in Ref. 20, the thrust exerted by a ring (of
the rotor plane) of radius r, width dr and with b blades, can be expressed in two
different ways. First, as a result of the forces acting on a blade section using
(2.21), (2.22), (2.23), one has :
dT = b 1 P 2r2 c C V3T 332 dr2 La ( V -Tv
1 2 2 2
2 La V (2.24)=b pveC2 2,T3
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where, for simplicity, it is assumed that the induced velocity v is small
compared to the velocity of the blade itself, V2 , but not V3 , and that the local
angle of attack is small enough to be equal to its tangent (see also Figure 2.4).
Conversely, looking at the momentum balance across a ring element,
the thrust can be expressed as:
dT = ( 2 x r drpv) 2v (2.25)
Equating both relations (2.24) and (2.25) and regrouping the terms in v, the
following quadratic equation can be obtained:
bV c C T V
8xrv2 + V La v - b U CLa V = 0 (2.26)
2 2
So, after solving (2.26) for v, the final velocity components and the local angle of
attack can be expressed as:
U 2 = V 2 - T23 v
U 3 = V - T33v
U = U +U2 (2.27)
a = tan-1 3
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1.''V
Figure 2.4 Illustration of Air loads and Velocities.
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Finally, using (2.21) and (2.27), the applied forces per unit length in local
coordinates can be expressed as:
F = sin a dL - cosa dD2
L
F = cos a dL + sin a dD (2.28)3
L
M = dM + e c dL
1 ac
where eac is the distance (in % of chord) between the reference line and the
aerodynamic center. These loads are then added in the equilibrium equations.
Note also that for the hovering condition, the average of the induced
velocity v from (2.26) can be shown to be related to the thrust coefficient CT in
the following manner:
C T and v = T QRT R2 2 2
x R p(0 R)
where T is the total rotor thrust, p the air density, R the rotor radius and Q the
rotation speed.
2.5 Small Vibrations Model.
Once the deformed position of a blade has been determined with the
previous model, the next problem is to determine its natural vibration
frequencies and mode shapes. Since one of the main points of interest in this
study is the influence of static deformation under load on the vibration
behavior of blades, it is necessary to develop a model that accounts for the static
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large deflections of beams, instead of just considering a straight cantilevered
beam. Again, all structural couplings must be accounted for, but for
simplicity, only small amplitude vibrations are considered.
This last assumption allows to simply linearize the equations developed
in the previous section by using the usual perturbation technique of replacing
each quantity by its average value plus a small perturbation whose squares are
negligible:
F 
-4 k•+ Fk k k
M k M k + Mk with k= 1,2,3
0 - + 0 - •p+ 0 v -4 + N,
x - + x y - y + y z -~ + z
In all the following, Fk, Mk, etc.., will now represent perturbation values,
while F k, M k will represent average values. Note that all displacements and
angles perturbations are measured in the global coordinate system. Using
these formulae, for example, the first equilibrium equation transforms as:
d[P +Fj
ds [CCJ 2 +F2 J+L[i), + [P 3 + F + . 0
(2.29)
Applying these substitutions to all the equations previously developed, a
new set of linear first order differential equations is obtained (with each
linearized equation much longer than its original nonlinear version). Note
that stress-strain relations were already linear and therefore do not change.
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First, there are three force equilibrium equations:
dF
ds 3 2 2 3 - pF2 + P30 +2 12 3 3 2 1
G G G G G G+T P +T P +T P +TP +T2P +T3P11 1 12 2 13 3 111 122 1 3
dF 23 1
ds + -o 3F 1
3 13 31 2
- + 1f}3 1 3 F3Q1 + 2
G G G -G G G
+ T P + T P + T P + T P1 + T 22P + TP2321 1 22 2 23 3 21 1 22 2 23 3
dF
ds 2 1 + 1 2 S ,2+ F 2 +p 3
G G G -G G G+ T P1 +T P + T P + T P1 + T 32P + T 33P31 1 32 2 33 3 31equilibrium equations:
And three moment equilibrium equations:
dM1
ds - 2 2 3
L
c203 +0 +3 12 3 3 2 1
G G - G G G _G+T M +T M + T M +T M1 +T12M 2 +T13M 311 1 12 2 13 3 11 1 12 2 13 3
dM 2
ds + O3M
L- 3O- 1M 3 + 1 (O 3 3 CO1 - F23 + M
G G G G G G+ T M21 +T M + T M +T M21 + T 22M +T 23M21 1 22 2 23 3 21 1 22 2 23 3 (2.31)
= 0
= 0 (2.30)
= 0
= 0
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1 2
G
3 +T 31M3 31
+ 2 1
G G
1 +T32 M132 2
2 +ML
2 3
G
+T33M3
33 3
= 0
Followed by three curvatures-angles compatibility equations:
- C• - cos 0 tanf0
+ sinO tanl & 0 _cos i o
cos 2D
0 - cos b ta
S- sin0 tan col
n1 (o
sin0 o) 0 - cos 0) + cos 0 b 0) + sinO o (2.32)
1 1 (2.32)
dsds cos O -cos 1
+ cos 0 sin_ _
cos 2D C
Ssin
c + sin C 23 W0 + sinG
cosf 0) -
sinO -
cos VU
f + Co sc 1
And three displacements-angles compatibility equations:
dx
ds- sino cosv 0 - coso sinv V
dy
ds = - sin sin* 0 + cosD cos fV v
dzdz cos3 1ds
Finally, one needs also the linearized form of the transformation matrix:
- 12M1
dM 3
ds
-G
+TM3131 1
1+ M2
G
+T 32M32 2 33
dO
ds
(2.33)
sin 7
cos2
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T 11 =-sinO cosB* p- cosl sin* yN
T, = -sin5 sin3 0+ cos0 cos* y
ry L-
I = cosp p
T 21 - Cos coso + sini sing
-sing cos coso B + sing
0 - cos; sin5 cos*9 e
sinD sin* y
T =-sin coso e-cosa sin* N I-cose sins sin¶ 0
- sin B cos ý sin 5 - sin 9 sinD cos 4r V
mt - - , ·R
= cosi 
cos 9 
- sin 4 sin $
T 31 cos sin4F 0
- cos; cos
T =-cos0 coss3
- cos; cos5
+ sine cos¶
cos, * + cos8
9+ sing siny
sinV 0 -cos4
y + sing sing cosB e
sing sinf y
y+ sine sinD sin* 0
sinD cosj yV
T 3= - sing cos 9 - cosr sinD 0
Once again, as for the static case, a system of twelve first-order
differential equations is obtained. For the dynamics problem, one only needs to
add inertia loads to complete the equations. Since both the static and linearized
part of the displacements are measured in global axes, these inertia loads will
appear also as loads described in global axes, that is:
(2.34)
I-
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GPG = -m
1
GP = -my
GP = -mz (2.35)
GM = -I
1 P
where m is the blade mass per unit length and Ip the polar moment of inertia.
Note that no rotary inertia terms have been used, these being usually
negligible for most practical cases. If necessary, it would not be difficult to add
these terms in the present formulation.
Several solution procedure would be available at this point, such as for
example, an assumed modes or an energy method. Here, in order to maintain
some continuity with the static part of the problem, the same solution
procedure used there is adopted. The beam is first divided into a series of
discrete points or nodes and centered finite-differences formula are used to
discretize the equations obtained above. The Influence Coefficients Method is
then used to obtain the final form of the equations and construct the flexibility
matrix [C] (i.e., the inverse of the stiffness matrix) in the following way:
1) For a given loading, the static problem is solved to determine the average
"bar" values of all forces and displacements.
2) A unit load (in global axes) is applied at each node on each degree of
freedom of interest, here the linearized displacements x, y, z, 0, with the
displacement vector q arranged as:
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gq =.... x i , yi, z i, 0 i .... )
3) Using the iterative procedure described for the static model, linearized
displacements and angles are determined, filling a column of C
corresponding to the applied unit load.
Xi
yi
iZ
C..
1j
0
1
0
4) A diagonal lumped mass matrix is formed to represent inertia loads:
[M] = diag(...,mAs,m As, mAs, I pAs,.....)
where As is the distance between nodes (uniformly spaced), except for the
first and last node where it is half that value.
5) An eigenvalue problem is formulated by writing first:
q = [C]f = -[C][M] q
1
substituting: q = MJ X el t
1
+2
and gives the final form:and premultiplying by [M1]
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1 1
X = [M]2[C][M] 2 02X or XX = [A] X with X = (2.36)
C0)
6) This eigenvalue problem can then be solved by any classical method, such
as Jacobi's method to find all eigenvalues or the subspace iteration
method to find only the first few eigenvalues.
2.6 Generalized Stress-Strain Relations.
Two types of specimens will be used in the experimental part of this
project. The first one consists of flat beam specimens and the second one of box-
beams specimens. In both cases, the beam walls are built with a laminated
structure. Thus, the first step is to determine the laminate stress-strain
relations with the use of the Classical Laminated Plate Theory, which gives a
result of the form:
N 11
N
N 12
M 11
M
. 12
where
"A11 A
A
AA16
A 26
A 66
B
B 21
B 61
D
SYM
E 1' E 2' 12
K1 K 2, K 12
B 12
22
62
D
DD22
E 1
2
Y12
K1
K2
.12
are plate strains (2.37)
are plate curvatures
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The goal is to transform these relations into stress-strain relations between
beam generalized stresses and strains in the form indicated in equation (2.11).
For a flat beam of width b, one can assume that no force N22 or moment
M22 is applied in the transverse (2) direction. Therefore, in the matrix above,
the rows and columns corresponding to N22 and M22 can be condensed out,
and the entries in that new matrix will be referred to as A*, B*, D*.
NN 11
M
11
M 12
A* A * B * B11 16 11 16
A* B* B*66 61 66
SYM D D*11 16
D*
66
E
1
712
K:
12
(2.38)
Although less important for thin laminates, one needs also the transverse
shear stress-strain relations:
L 2z. OGL G Y2 yz.
In order to calculate the beam properties, one needs to relate the beam strains
and curvatures with the plate strains and curvatures (using a small strains
approach):
.
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Wbeam
( including shear correction factors)
+ y
2 w
wplate
2ax
= 2 plate
12 axay
with a •2 2
d~w beam
dx 2
=2- - 2odx 4
Introducing these
length) expression
relations for e, Ylz' K1 'K1 2 into the strain energy (per unit
for a plate based on equation (2.38), namely:
A* A*
11  16
A 66S
SYM
B
1 1
B61
D*
11
B *16
B *66
D*
16
D66
e
Y12
K1
12
+tG 7121z 1z
integrating across the width of the beam a, and identifying the various terms
with those in the strain energy (per unit length) expression for a beam based
on equation (2.11), namely,
1 = E + coy
12  47
7Nz = 7 ýC
plate
(2.39)
1
U-- 2
T
C1
Y12
. 11 J
a
T
J
2
U = 12
e
Y t
05
sq
T
-E E
E 22
E
13
E23
E33
SYM
the following relations are obtained:
E =A aE11 11
E =2B a14 16
E =4D*a44 86
E12= A16 226 a E =-G ta33 6 1Z
E =2B* a E =Ba (240)
E =2D*a
Ea ia
E =D a E a3 A*E 12 U
Where t is the laminate thickness. All other coefficients are zero.
For a box beam with a rectangular cross-section of height b and width a
as indicated in Figure 2.5, a new model was developed which allows to take
into account all the types of couplings. The goal of the model is to reduce the
stress and strain distribution in the walls of the box into equivalent beam
quantities. Using the sign conventions indicated in Figure 2.5, it is assume
that each of the four faces carries only extensional and shear stress flows, Ni
and Si, (and no bending moments):
51-
YE1eS
0n
T
-52-
All vectors and angles shown are positive
Sign Conventions in a Box Beam.
NL
Figure 2.5 Illustration of
(2.41)
A16 1i i
16= C i. + C S.
A . A Ci Dii,66 A66
where the A* matrix is again obtained by static condensation of the A matrix
above (2.38). The main assumption is then to use a linear or constant
distribution of the shear flow Si and the extensional strain Ei in each face.
Using classical beam theory equilibrium equations for Si and compatibility
equations for Ei , the following relations are obtained:
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11 16
A*A
i 1
where i = 1...4 is the face number
F 2
2b
F 3
2a
F2
2b
F 3
2a
M 2F 3 11  3
2ab 2ab
M 1 2F2i
2ab 2ab
M 1 2 F371
2ab 2ab
M 1 2F 2
+ + 2ab2ab 2ab
where e, 'hi, ao, and F 2 , F 3 ,
defined in equation (2.11).
a
21  2 - q- ' I+ e
a
3 2 1
E4 2= + C+O+
(2.42)
M1 are the strain and force quantities
N]
S
-
-1
N. A
i 11
*2 /
A A B
\ 66 j
Ac• . Ac
S
S
S
S 4
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Since explicit expressions are only available for Ei and Si, it is necessary to use
a mixed energy principle to express the strain energy contained in the section.
To do that, one can start with the potential energy per unit length U written in
terms of e and y and replace y by S by writing:
U(E,S) = U(e,y)- yS
U = E2 +2A 6 ey+A y2 -2S] ds
A
with S 16
A* A*
i * A A 2
2 11 A* A A66
6 L66 66
This gives the desired expression of U in terms of S and e. Replacing the
expressions (2.42) for Si and ei in the expression for the strain energy (2.43),
integrating over the contour (i.e. over the four faces), and regrouping the
various terms gives the following terms for the strain energy U:
S2 terms in U:
(C 1 a2b +A 4
1 b
(3SC A 12+ C1A b + C
+(_Cl + C3
3 a2 b
A 4
3
3 b 3J +A 12
2 3
a+ CSA A
)ab cone
+ C 2 a 3  4 a 3  2
A 12 A+ C12
2  22 ab 4 ab 2
A 4 A 4
b +c4 a e2A
+ - C2 + C4A ab •eT-A A C
(2.44)
(2.43)
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S2 terms in U:
C1 1 2  aD 4b D 2
SC1 b 2 1 +
D 12a 2  D 4 a
SC1 b +C 2 a+C 3 b+D D D
1 _C3) FM\D D 2ab 2 1
3 1 4 a F 2
D 4b D 12b2  2
C3  b 4 1 2
D 12a 2  D 4a 3
C4 a) 1 2
4 a2b 2  1
+(C2C2 4) 1 F
D D 2ab 3 1
S E terms:
-(C 1 3(a +F C2 + C4 )b 1O  3Cl _C+CCBF-4-+C-F3 + -2 C-CBB  l 2 B B 4 3 2 B B 2
1 2 _ C4 ) 3 _ C1 1 +4 _ 2
2 CB-C F E+ 4- CB B - C B-C MxC
S2
+YCUb+C a+C a+C b 2M--M E+ CB -C a F 3 COB B B B 2ab 1B B 1a 3 c
+(C 4 _C2 2B B -12b 20)1
(2.45)
(2.46)
It is interesting to note in the above equations the various types of coupling
that can occur between curvatures, strains, shear forces and torsion moment.
The same operation can be done for the strain energy defined in terms of
beam properties. Starting with the basic beam generalized stress-strain
relations given by (2.11) and rearranging rows and columns gives:
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E E111 E15 E14
E
E
E 44
E 12
E
E
42
E13
E
E63
E43
F
M
1
F
F 3
or, regrouping into vector and matrix form:
f= M
M
F =E
F
elO
1 I'
SE44
H=
sym
As before, the strain energy per unit length U, in terms of e I and e2 ,can be
rewritten in terms of e1 and f2 , by replacing g2 by f2 and writing:
U(e 1f 2) (1) - -eTf
(= e 1e 2 2 2
U = 1e F e + eT G e- H -eTf2 1 L J1 1 2 2 2 2 2
E
16
E
56
E
66
E E2 23SYM
011
Y(l
I 2
F
GT 2j
where:
M1
f = F
F3
=YL d
n Em
E 55
sym
G
E
E 54
E
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and with _e = - [H1G T]1 +[H f
U= - [)G i [iHi] f T [_ H 1]f (2.47)2 11 2 2
Both expressions for U are now function of the same beam generalized strains
and stresses. It is then a simple matter of identifying the terms in these three
expressions (2.44) to (2.46) with those in the expression (2.47) of U in as a
function of the beam properties in the following order:
- identify the coefficients in the H-1 matrix of equation (2.47) with those of the
S2 term in equation (2.45).
- identify the coefficients in the (G H-1) matrix of equation (2.47) with those of
the Se term in equation (2.46); postmultiply by H to recover G.
- identify the coefficients in the (F - G H-1GT) matrix of equation (2.47) with
those in the E2 term in equation (2.44). Subtract (G H-1GT) to recover F.
Some simple matrix manipulations will then yield the final stress-strain
relations for a box-beam. This procedure could be easily generalized to
different cross-sections by changing the contour integrals.
2.7 Extensions to the Basic Model.
In this section, some extensions of the model presented in the previous
sections will be presented. The first extension shows how to take into account
the effect of transverse shear deformation in a simple and consistent fashion.
The second extension shows how to modify the integration procedure to handle
the case of a blade hinged in the flap or fore-and-aft direction. Finally, the third
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extension shows how to model a pre-twisted blade. All three cases will be
developed within the context of the static model but can easily be linearized for
the dynamic model.
a) Transverse Shear Extension.
In the previous sections, complete generalized stress-strain relations
were developed but only the axial strain and the curvatures were taken into
account when calculating displacements. Although it is usually acceptable to
neglect shear strains for long, slender beams, their effect may become more
important for shorter beams or anisotropic beams with strong couplings
between shear and bending. The implementation of this effect in the present
model is quite straightforward and requires basically one small change: first,
the local axes ( 4, rl, C ) are now considered as fixed with the plane of the cross-
section but the 4 axis is no longer tangent to the reference line. Since the force
and moment vector are defined with respect to the cross-section, nothing needs
to be changed in the equilibrium equations. Similarly, angles describe the
position of the cross-section in space and the curvature-angle relations need
not be changed. The only relations that need to be changed are the equations
for the position of the reference line, x, y and z.
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As illustrated in Figure 2.6, one need only to introduce an additional
rotation between ( 4, r, C ) and the tangent ds. Neglecting squares of the shear
angles, the rotation can be expressed as the product of two small rotations
around the r1 and C axis:
F(1+E) ds 1 01 F•  1 0 ' d4r
0 =- Y, 1 0 010 dii00 1J 7 Y0 1 LdrJ
Rotating ( 4, l, )to ( x, y, z) gives:
(1+ E) ds F- 4 [dx1
Lo - 0 1 dz (2.48)
Regrouping terms and multiplying matrices gives the three new differential
equations for the displacements:
S(1 + E)
T + Ti Y7 + T 3Y
T12 + T22 7• + T32
T 13+T 23~ +T33Y13 2 p 3(
dx
ds
dy
ds
dz
-ds
(2.49)
ii
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b) Hinged Blade Extension.
In the previous sections, it was assumed that the angles 0 and N were
given at the root of the beam so that the strain-displacements relations could be
easily integrated starting at the root. That corresponds to the case of a
cantilevered blade but it would also be interesting to analyze the case of a
hinged blade for which the angles are not known at the root but the bending
moments M2 and M3 are zero. This can be easily done with the current
procedure by using the Newton-Raphson method to zero the bending moments.
First, some definitions: Or, Vr are the unknown angles at the root, 1, 1 are
the current angles at the root, M2 , M3 the moments at the root.
The following iterative procedure is then used on top of the solution
procedure presented in the previous sections:
1) Set Or = Vr = 0 and find the solution for a cantilevered blade.
2) Save M2 , M 3.
3) For the Newton-Raphson step, one needs to know the derivatives of the
objective functions with respect to the variables. This is accomplished here
using finite differences:
- Set O1=Pr +Af, 1= ~Vr.
- find solution, save root moments m2, m3 and evaluate derivatives:
dM 2  m 2 -M 2  dM3  m 3 -M 3
dp AD do AD
- Set 1=Pr , V'=Vr +A .
- find solution, save root moments m2, m3 and evaluate derivatives:
dM 2 _ m 2 -M 2  dM 3  m 3 -M 3
dV AN d - AN'
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4) Increment angles:
new old dM 24r = Lr _ _d
dM3
dP
Using new Pr' WVr, calculate new
Check for convergence, i.e. if I M2
necessary.
_-1
dM•
dW 2
dM 3  M
solution, save M2 and M3.
I and I M3 1 < e and go back to step 3 if
The convergence of the procedure is very good and in practice, about 3 to
5 steps are required for the examples shown in Chapter 5. Note also that the
case where only one hinge (either flap or lag) is present is handled identically.
c) Pre-Twisted Blade Extension.
Finally, the model can also be extended to handle the case of a pre-
twisted blade, which is often the case for helicopter blades. Here, once again,
the axes ( 4, 11, C ) will stay fixed with the cross-section (for instance with the
section principal axes of inertia) and initially (i.e. before loading) rotate around
the reference line s with an angle 0 = 00(s). As in the first case shown in this
section, this does not affect the equilibrium equations and the only modification
is to the displacement-strain equations relating curvatures and angles. If one
defines:
de (s)
Co - ds as the pre-twist curvature,40 ds
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one can add the elastic twist and the pre-twist curvatures without loss of
accuracy for finite angles because curvatures are vector quantities. Therefore,
the strain-stress relation becomes:
-1 -1 -1C =E 41 + ... + E M + ... +E 1 M + 0 t (2.50)( 41 44 1 46 3 0
Finally, note that the case of swept or pre-curved beam, i.e. with some initial y
or 0 angles distribution, can be handled in the same fashion. Similarly, cases
with discontinuities for V or p (i.e. blades with a discontinuous angle change
at a node, e.g., blade with a swept tip) could also be handled easily by
introducing a rotation matrix at that node and rotating force and moment
vectors accordingly when moving from one side of the node to the other.
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Chapter 3
Experimentation
3.1 Introduction.
Several types of experiments were used to verify the analytical models
presented in the previous chapter. The different experimental methods are
described in this chapter, while their results are presented in the next
chapter. The first major group of experiments consisted of a series of static
bending tests used to verify the static large deflection model. The specimens
used in these experiments consisted of several flat beams of various lay-up. In
the second group of experiments, similar specimens and box-beams were
tested dynamically to determine their natural frequencies and mode shapes.
3.2 Test Matrix.
Several flat beams specimen, 560 mm by 30 mm, were used in the static
tests to illustrate the effects of some of the structural coupling terms. Flat
beam specimens were chosen because of their low bending stiffness which
allows to reach very large displacements without any structural failure. The
first specimen has a [0/901]3 lay-up, without any coupling to serve as a
reference. The next one is a [45/0]3s, to illustrate the effect of bending-twisting
coupling. A [45/013a and a [20/-70 2/2 0]2a lay-up (where the subscript "a" will
be used to indicate an anti-symmetric lay-up, e.g. [45/0]a = [45/0/0/-45] ) were
used to illustrate the effect of extension-twist. The first one developed a 650
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twist over its length due to the thermal residual strains caused by the anti-
symmetric lay-up, while the second one has the interesting property that,
while being an anti-symmetric lay-up, it does not have any thermal residual
curvature.
The goal of the vibration tests was also to observe two different type of
effects: first, the influence of the structural couplings created by the use of
laminated composite structures and second, the influence of static deflections
on the natural frequencies of cantilevered blades. For the first effect, different
types of lay-ups were used to illustrate different types of structural couplings.
For the second effect, the blades own weight was used to produce some initial
deflections and by using blades of different thicknesses, various amount of
initial deflections were present in these specimens. The first group of
specimens contained several flat beams of standard dimensions, 560 by 30
mm, whose lay-ups are shown in Table 3.1. In the second group of tests, box
beams were used as specimens in the same vibration set-up. All of them were
1100 mm long by 31 mm wide with a 6.5 mm foam core. The first beam had a
two plies [0/90 lay-up wrapped around the foam core. The second one had a
[0/45] lay-up with the 450 ply spiraling around the core (i.e. with a +450 ply on
the top face and a -45° ply on the bottom face , angles being measured from the
beam longitudinal axes), thus creating some extension-twist coupling and a
residual thermal twist of approximately 500 over the beam length. The last
specimen was somewhat different, consisting of a [0/90] lay-up wrapped
around with an added +45' ply with respect to the beam longitudinal axes
(marked with a "*" in Table 3.1) on the top and bottom faces but not on the
sides, thus creating some bending-twisting coupling. Note also that only one
specimen of each kind was used in the tests.
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Table 3.1 Test Matrix
Laminate Static Test Vibration Test
[0/9013s x x
[45/0]3s x x
[20/-70/-70/20]2a x x
[45/013a x x
[0/90/01, x
[45/0/45]s  x
[20/-70/-70/20] a  x
[0/90]s  x
[45/01 x
[0/90] Box Beam x
[0/45] Box Beam x
[0/45*/90] Box Beam x
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3.3 Specimen Manufacture.
The first kind of specimens consisted of flat beams, manufactured with
Hercules AS4/3501-6 graphite/epoxy which is supplied in 305 mm wide resin
impregnated tape ("prepreg"). Material properties for this material are
indicated in Table 3.2, as obtained from previous testing at TELAC. These
specimen were cut from laminates prepared with the standard manu-
facturing techniques used in TELAC, for which more information is
described in detail in Ref. 21 and which will only be briefly summarized here.
The prepreg was first removed from its storage at -180 C and cut to size
using Stanley knives. Templates were used to cut the different angle plies so
that all parallel joints between different pieces were matrix joints and not
fiber joints. The plies were laid-up in 700 mm by 305 mm laminates and
covered with peel-ply. These were stored on shelves in sealed bags at room
temperature for not more than a week before being processed.
The laminates and their peel-ply were then placed on an aluminum
cure plate sprayed with mold release agent and covered with nonporous
teflon. One sheet of paper bleeder was used for every two plies in the
laminates. Other necessary curing materials were stacked as well and the
complete cure set-up is illustrated in Figure 3.1.
The cure cycle used for the 3501-6 epoxy is a two step process composed
of a one hour flow stage at 1161C and a two hour set stage at 177 0 C. Full
vacuum is applied to the laminates and a 0.59 MPa pressure is maintained
inside the autoclave during the entire cure (see Figure 3.2).
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Vacuum bag
Fiberglass .-.
Porous Teflon ..................Porous Teflon .. ... .. .. . .. .
Nonporous
LaminatA
Teflon- 1T I
Aluminum cure plate
Figure 3.1 Illustration of Cure Set-Up.
Table 3.2 AS4/3501-6 Ply Properties
El = 142 GPa
Et = 9.8 GPa
Glt = 6 GPa
t = 0. 3
tply =.1 34 nunmm
p = 1530 kg/m3
Paper Bleeder
C~I~F~H~FLF~;IF~R~R
t·////~·/~7~7~7~7///~,'~7~7~'~7~'~7~~
S-Cork Dam
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Figure 3.2 Illustration of Graphite/Epoxy Cure Cycle.
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The laminate edges were then trimmed off and the specimens cut to
size on a milling machine equipped with a diamond grit blade and water
cooling. A jig was mounted on its table to provide a square angle with the
cutting path so that the ply orientation with respect to the specimen sides was
accurately maintained. Two attachement holes were drilled at one end of the
specimen with a diamond coated drill bit to avoid damaging the laminate.
Two strain gages rosettes were also bonded on the top and bottom face of the
beam, 50 mm from its root (see Figure 3.5). All specimens had their thickness
and width measured at ten different stations along their length and the
average values are shown in Table 3.3 in the column marked "actual".
It is important to note that the basic ply properties used in calculating
the beam bending stiffness were obtained from static tensile tests only. For
bending and dynamic behavior of thin laminates, it is often suggested that
these properties should be modified, and in general reduced. In this
investigation, however, it was found that this modification was apparently not
necessary: when examining such a thin laminate after cure, it was noted that
a layer of epoxy, left from the bleeding process, covers both sides of the whole
laminate. After using a fine grit sand paper to remove most of that layer, the
laminate thickness was measured again and that value is shown for each
laminate in Table 3.3 in the column marked "effective". It was found that
these two layers (i.e. on both faces) are about 0.1 mm thick. Therefore, the
load-carrying section of the laminate is actually smaller than what is
measured normally. This might not sound as a large difference, but
compared for example to a laminate nominally 1.6 mm thick, a 0.1 mm
reduction represents a 6% change, but more importantly, it represents a 18%
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Table 3.3 Average Specimen Thicknesses (mm)
Laminate Nominal Actual Effective
[0/90138 1.61 1.57 1.49
[45/013s 1.61 1.54 1.47
[45/0]3a 1.61 1.55 1.46
[20/-702/20]2a 2.14 2.01 1.92
[0/90/01] 0.81 0.86 0.77
[45/0/45]s  0.81 0.87 0.78
[20/-702/20]a  1.07 1.11 1.02
[0/90]1 0.54 0.61 0.51
[45/0]8 0.54 0.59 0.53
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reduction in bending stiffness (which is a function of the cube of the laminate
thickness). Therefore, the effective thickness reported for all the laminates in
Table 3.3 and used in calculating the specimens constitutive properties is the
value measured after removal of the epoxy layers.
The other type of specimen was a series of box-beams for which a
different manufacturing procedure was used. The final specimen
configuration is shown in Figure 3.3 and consisted of AS4/3501-6
graphite/epoxy lay-up wrapped around a Rohacell WF70 plastic foam core.
First, 30 mm wide by 1200 mm long foam pieces were cut using a
simple Stanley knife from a large sheet of 6.3 mm thick Rohacell. The main
use of these pieces is to act as a mandrell around which the graphite-epoxy
tape can be wrapped. Their corners were then rounded with a fine grit sand
paper to facilitate the lay-up of the graphite fibers and each piece was brushed
clean. Then, 75 mm wide by 1200 mm long pieces of FM-123 film adhesive
were cut, heated up with an heat-gun to make them sticky and wrapped
tightly around each Rohacell core. The main purpose of the film adhesive is to
facilite the laying-up of the graphite tape which would not stick otherwise to
the Rohacell core. Strips of graphite/epoxy tape were then cut to length
according to the ply angle and wrapped around the core. For a given ply
angle, one needs to determine the width and length of the graphite/epoxy strip
that should be cut to fit exactly around the core. All angle-plies can be viewed
as a helical strip spiralling around the core in such a way that there is no gap
left after each turn of the helix. Unrolling one turn of the ply gives the picture
shown in Figure 3.4; with some trigonometry, the following relations are
found:
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width of strip: w = p cosO,
where p is the perimeter of the cross-section.
length of one turn: t = p / sinO
pitch of spiral: h = p /tanO
length of strip: a=Lt/h =L/cosO
where L is the length of the beam.
A sheet of peel-ply was finally wrapped around the whole assembly to
facilitate handling after cure. An aluminum cure plate was then prepared in
the same way as for the flat beam specimens. The box beams were laid on the
table and surrounded with cork dams which were used as an outer mold. As
for the flat beams, the whole plate was covered with teflon and a fiberglass
blancket. No top plates were used and the plate was vacuum-bagged and
placed in the autoclave. The same cure cycle as for the flat beams was used
except that the autoclave internal pressure was reduced to 0.14 MPa to avoid
crushing of the Rohacell at high temperature.
No postcure was used for these specimen since that operation does not
contribute very much to the graphite stiffness and tends to degrade the
Rohacell. After that, the specimen were cut to their final length of 1200 mm
and two attachment holes were drilled at one end as indicated in Figure 3.5.
Two strain gages rosettes were also bonded on the top and bottom face of the
beam, 50 mm from its root. Each beam had also its width and thickness
measured at ten different stations and the average values are shown in Table
3.4. The label for each beam, namely [0/90], [0/45] and [0/45*/901, refers to the
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lay-up of the box skin. For the [0/45] beam, the 450 ply spirals around the beam
length resulting in an anti-symmetric section, while for the [0/45*/90] beam,
the star on the 450 indicates that the ply is laid-up in the positive direction on
the top and bottom face of the beam, resulting in a symmetric section, and is
dropped on the sides.
3.3 Static Tests Set-Up.
During the static tests, both the flat and box beam specimens were
mounted in the same fixture, shown in Figure 3.5, which consisted of several
elements: first a stiff aluminum base was attached to a "strong-back" by two
bolts. This base contains holes into which an aluminum shaft is fitted. This
shaft can be rotated so that the root of the beam is positioned at a variable
angle with the vertical direction, and is held into place with a screw. The
outer end of the shaft is flattened over a 50 mm portion where the specimen is
placed. An aluminum top plate is then placed over the root of the specimen
and tightened with two bolts. The beam is aligned and made horizontal with a
level. The strain gages are connected to a gage box. Under the beam, a sheet
of graph paper is placed on a table which is also made horizontal with a level.
A variable load consisting of different weights is applied at the tip of the beam.
For each load, the value of all six gages is recorded; using a square angle
placed on the table, the vertical deflection of four points on the beam (indicated
in Figure 3.5) is also recorded, as well as the vertical projection of these points
on the graph paper sheet, in order to measure the displacements of these
points in all three directions. For each beam, the tests are first performed
with the root of the beam horizontal and then, with the root of the beam turned
at an angle of 450 and -450.
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Figure 3.3 Angle Ply Geometry.
Table 3.4 Average Box Beam Properties
Specimen Width Thickness Weight
[0/90] 32.7 mm 6.99 mm 0.0824 kg/m
[0/45] 31.9 mm 6.92 mm 0.0823 kg/m
[0/45*/901 33.1 mm 7.23 mm 0.0985 kg/m
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Illustration of Static Tests Setup (all dimensions in mm).
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3.4 Vibration Tests Set-Up.
During the vibration tests, the blades were cantilevered in the same test
fixture as for the static tests. An electromagnetic shaker was placed
underneath and connected to the blade with a soft spring. The shaker was
connected to a variable frequency generator through an amplifier. One of the
strain gages, either an axial gage for bending modes or a 450 gage for torsion
modes, was connected to an oscilloscope through a gage box. The use of a low-
pass filter is also recommended during the tests to remove unwanted high-
frequency noise. The signal from the frequency generator was also displayed
on the second channel of the oscilloscope.
The goal of the tests was to identify the frequency of the first few natural
vibration modes of each specimen. To do that, a freqency sweep was
accomplished, starting at around 1 Hz, until a resonnant mode was obtained.
Several ways are available to identify such a mode, for instance by noting a
maximum in the amplitude of the beam displacements or gage response.
Also, at resonance, the signal of the gage and shaker is either exactly in
phase or in opposite phase with the signal from the frequency generator.
Another possibility is to feed the signal from the frequency generator in place
of the time signal of the oscilloscope and the gage signal on the vertical
channel to creta Lissajou figures. A resonnance is then indicated by a line of
a very thin ellipse pattern on the screen of the oscilloscope. When a beam is
tuned to a resonant frequency, node lines can be observed by sprinkling salt on
the specimen surface and letting it collect at the nodes.
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Chapter 4
Experimental Results
4.1 Static Tests Results.
In this chapter, all the experimental results from both the static and
vibration tests are presented. First, the results of the static tests are described
and commented.
In Figure 4.1, the measured displacements u, v and w for the [0/9013s
specimen, with its root oriented at 00, are plotted versus the tip load. Note that,
as indicated in Chapter 3, these displacements are measured at a station
located 500 mm from the root, and that u is actually negative and that v is zero
in this case. The initial behavior for w is fairly linear and tends to stiffen as
the load increases up to a maximum tip deflection of about 40% of the beam
length. As expected from the linear solution, u is initially very small and the
tip of the beam starts moving in towards the root only when significant
Bending slopes are obtained. In Figure 4.2, the root of the beam has been
turned to an angle of 450. In this case, all three displacements are present and
u is again negative (as in all the following Figures). Here, since the bending
stiffness around the strong axis is so much larger than around the weak axis,
most of the displacement occurs in a 450 direction, that is by bending around
the weak axis, so that the v and w displacements are initially equal. However,
as the load and displacements increases, a twisting moment develops in the
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beam which tends to turn the beam weak axis towards a more horizontal
position, thereby increasing the vertical displacement w.
Plots of the bending component of strains at a station located 50 mm
from the root are shown in Figures 4.3 and 4.4 for the 00 and 450 cases. Gage 1
is oriented at a -450 angle to the beam longitudinal axes, gage 2 is at 00 and
gage 3 at +450. In Figure 4.3, gage 1 and 3 are approximately equal, thus
indicating that almost no torsion moment is applied to the beam. In Figure 4.4
however, gage 1 and 3 have very different readings because the nonlinear
deflections cause a large torsion moment to be applied in addition to the
bending moment.
The next set of examples illustrates some of the data taken for the
[45/013s beam. The measured tip displacements u, v, w for that beam with its
root at a 00 angle are shown in Figure 4.5. The most striking difference when
comparing this plot with the similar one shown for the [0/9013s beam is the
presence of a significant v displacement. This is a good illustration of a
consequence of the bending-twisting coupling present in this beam: as the tip
load is increased, bending moments are created in the beam which causes it to
twist. Then, since the cross-section is rotated, displacements occur in the
horizontal as well as the vertical plane since the beam tends to bend around its
weak axis. Also, as in the previous case, the large displacements tend to
reduce w and increase u. In Figure 4.6, the root of the beam is rotated to an
angle of +450, and then in Figure 4.7 to a -450 angle. Note that v is positive in
Figure 4.6 and negative in Figure 4.7. While the behavior with the root at a
+450 or -450 was virtually identical for the [0/9013s beam, a comparison between
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the two figures reveals here a quite different behavior for this beam. In the
+450 case, v and w remain equal for most of the loading, while for the -450 case,
they become different very rapidly. This is again a consequence of the bending-
twist coupling: in the +450, the twist caused by the tip load and the large
deflections is compensated by the twist from the coupling effect so that the
cross-section does not rotate very much and bending occurs mostly in the +45°
direction. In the -450 case however, the twists from both effects add up, causing
the cross-section to rotate at an angle less than the initial 450 angle, thereby
causing much larger w displacements.
The corresponding strain plots are shown in Figures 4.8 to 4.10. Again,
by comparing gage 1 and gage 3, it is possible to measure the torsion moment
and to confirm the observations made on the displacements plots. For the 00
case, one can see that, unlike for the [0/9013s beam, a torsion moment is
present due to the elastic coupling. Also, the comparison between Figure 4.9
and 4.10 illustrates well the difference in behavior between the +450 and -450
cases.
The next example shown is the [2 0/-70 /-70/ 20 12a beam. The results with
the root at a 00 angle are shown in Figure 4.11. The results are qualitatively
very similar to those of the [0/9013s specimen, and the extension-twist coupling
does not have very much influence here since the axial load is very small. The
results for the case with the root at a +450 angle are shown in Figure 4.12; the
results for the -450 case are identical. When compared with the results of the
[0/9013s specimen, one can see that v and w tend to remain equal longer (i.e. up
to larger deflections): this due in part to the fact that this lay-up has a much
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higher torsional stiffness than the [0/9013s lay-up and therefore tends to twist
less under the tip load. The strains plots are quite similar to those for the
[0/9013s beam and are therefore not shown here.
The last example shown here is the [4 5/013a beam which developed a
pre-twist of +650 from root to tip because of thermal residual strains due to
manufacturing. Figure 4.13 shows the tip displacements for the case where
the root is oriented at 00 and because of the pre-twist, a v displacement
develops from the onset of loading. Similarly, for the case with the root at 450
shown in Figure 4.14, the v displacement is actually larger than the w
displacement since the tip of the beam is actually oriented at about 1050.
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at 450.
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[45/0]3s Beam, Root Angle = -450
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[20/-70/-70/20]2a Beam, Root Angle = 00
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Figure 4.11 Experimental Tip Displacements for a [2 0/-70 2/2 0]2a Beam
with its Root at 00.
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Figure 4.12 Experimental Tip Displacements for a [20/-70 2/20 12a Beam
with its Root at 450.
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[45/0]3a Beam, Root Angle = 00
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Figure 4.13 Experimental Tip Displacements for a [45 /0]3a Beam with
its Root at 00 and +650 pre-twist.
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Figure 4.14 Experimental Tip Displacements for a [4 5/013a Beam with
its Root at 450 and +650 pre-twist.
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4.2 Vibration Tests Results.
The goal of the vibration tests was also to observe two different type of
effects: first, the influence of the structural couplings created by the use of
laminated composite structures and second, the influence of static deflections
on the natural frequencies of cantilevered blades. For the first effect, different
types of lay-ups were used to illustrate different types of structural couplings.
For the second effect, the blades own weight was used to produce some initial
deflections and by using blades of different thicknesses, various amount of
initial deflections were present in these specimens. Also, due to the residual
strains from the manufacturing process, most specimens exhibited some form
of initial curvature; thus, by testing the specimen with its top face up and then
down, it was possible for most specimens to obtain two different amounts of
static tip deflection, since in one case, the deflection due to the weight added up
with the initial thermal deflection, while in the other case, it was subtracted.
The first group of specimens contained several flat beams of standard
dimensions, 560 by 30 mm, made of "thick" laminates (12 or 16 plies) with the
following lay-ups: [0/9013s, [45/013s, [2 0/-70/-70 /20 2a. The first lay-up is a
useful reference since it does not have any coupling, the second one has a
fairly strong bending-twist coupling, and the last one has some extension-twist
coupling. All these specimens were fairly straight and did not deflect very
much under their own weight, with tip deflections ranging from 10 to 20 mm.
During these tests, different types of vibration modes can be observed.
First, there are the classical flapping (i.e. bending around the weak axis)
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modes; then, for these relatively straight beams, two other types of vibration
modes are present, a motion mostly in the horizontal plane which is a bending
mode around the blade strong axis and is referred to as the fore-and-aft (or
lead-lag) mode thereafter, and a classical torsion mode where the beam
reference axis does not move significantly but twists around itself. The natural
frequencies for these beams are summarized in Table 4.1 where the first
column indicates the beam lay-up, the second column the tip deflection in mm,
the next three columns the frequency of the first three bending (flapping)
modes (1 B, 2 B, 3 B), the next column the frequency of the first torsion mode
( 1 T) and the last one the frequency of the first fore-and-aft mode (1 F). For this
first group of specimens, however, no frequency is reported for the fore-and-
aft mode because these beams are too stiff in that direction to get enough
excitation from the shaker to observe any clear resonance. Also, the torsion
mode is often much more difficult to identify since it is less easy to excite than
the bending mode. It is interesting to compare the torsional frequencies of the
different lay-ups: as expected, the presence of 450 plies increases very much
the torsional stiffness. Note that the [20/-70/-7 0/20 12a lay-up is thicker than the
other two; for a simple comparison with the [0/9013s and [45/013s specimens,
frequencies can be scaled linearly with the thickness, i.e. by 12/16, giving a
first bending frequency of 4.4 Hz and a first torsion frequency of 125 Hz, which
compare favorably with the frequencies of the other two lay-ups.
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Table 4.1 Experimental Natural Frequencies.
Laminate Tip w 1B 2 B 3 B 1 T 1 F
(mm) (Hz) (Hz) (Hz) (Hz) (Hz)
[0/9013s 20 5.7 34 98 62
[45/013s 18 4.3 28 78 135
[20/-70/-70/20]2a 12 5.8 36 103 166
[0/90/018 15 3.1 19 54 89 -
54 3.1 19 53 82 21
[45/0/45] s  37 2.3 13 39 118 -
101 2.3 13 38 101 17
[20/-70/-70/20] a  9 3.0 18 50 111 -
59 3.0 18 50 117 35
[0/90]1 64 2.2 13 38 54 11
163 2.3 13 37 46 5.6
[45/0]1 137 1.4 8.0 20 68 10
202 1.4 8.2 20 57 6.5
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The next group of specimens contains three thinner specimens, either
six or eight plies thick, with lay-ups of [0/90/0]s, [0/45/0]1 and [20/-70/-70/20] a ,
Their measured natural frequencies are also indicated in Table 4.1, following
the same format as the previous group. Unlike in the previous group of
specimens, all these beams have some measurable deflections under their own
weight. Therefore, as explained above, each specimen can be tested twice with
two different amounts of tip deflection. The comparison between the two
entries for each specimen shows that the the bending modes do not appear to
be affected by the beam deflection. The torsion mode however appears to be
affected, with its frequency increasing in one case and decreasing in the other
two. Also, when the deflections are sufficiently large, a fore-and-aft mode was
clearly identified at a relatively low frequency. When deflections were smaller
however, this mode could not be identified and it is assumed that its frequency
was then too high to be measured, as seen in for the first group in Table 4.1.
The position of the node lines was recorded during the tests and two examples
are shown in Figure 4.15. The influence of the bending-twist is clearly visible
in the way the node lines are oriented for the [45/0/45] s specimen.
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The last group of specimen consists of two thin, four-ply, laminates,
with lay-ups of [0/90] s and [45/0] s . These specimens are very flexible and are
also much more sensitive to small manufacturing defects which can cause
some residual thermal curvature. Again, as shown in Table 4.1, an increase
in static deflections does not appear to affect the bending modes, neither their
frequency or their mode shape. However, the torsion and fore-and-aft are
strongly affected: both frequencies decrease as deflections increases. The mode
shapes are also very different from those of a straight beam: in the fore-and-aft
mode, the beam tip tends to swing laterally as a pendulum and to twist near its
root. In the torsion mode, the beam mean line moves only slightly from its rest
position and the cross-section twists around that line.
Finally, in the last group of tests, box beams were used as specimens
in the same vibration set-up. All of them were 1100 mm long by 31 mm wide
with a 6.5 mm foam core as shown in Chapter 3. The first beam had a two
plies [0/90 lay-up wrapped around the foam core. The second one had a [0/45]
lay-up with the 450 ply spiraling around the core (i.e. with a +450 ply on the
top face and a -45 ° ply on the bottom face , angles being measured from the
beam longitudinal axes), thus creating some extension-twist coupling and a
residual thermal twist of approximately 50' over the beam length. The last
specimen was somewhat different, consisting of a [0/90] lay-up wrapped
around with an added +45' ply with respect to the beam longitudinal axes
(marked with a "*" in Table 4.2) on the top and bottom faces but not on the
sides, thus creating some bending-twisting coupling. The measured
frequencies are indicated in Table 4.2: unfortunately, the beams with 450
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plies were very stiff in torsion and their first torsion frequency was too high
(probably greater than 150 Hz) to receive enough excitation from the shaker
or for their torsion response to be measurable. The fore-and-aft frequencies
were obtained by turning the root of the beam at a 900 angle to excite bending
modes around the strong axis.
Table 4.2 Box Beams Natural Frequencies.
Lay-up Tip w 1B 2 B 3B 1T 1F
(mm) (Hz) (Hz) (Hz) (Hz) (Hz)
[0/90] 21 5.9 37 98 155 20
[0/45] 23 6.2 39 92 - 19
[0/45*/90] 22 5.8 36 100 - 19.5
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Chapter 5
Analytical Results and Discussion
5.1 Introduction.
In this chapter, results obtained with the analysis techniques described
in Chapter Two are presented, first for the static case and then for the small
amplitude vibration case. For both cases, the results presented are computed
for beams identical to those used in the experiments described in the previous
chapter so that a comparison of experiments and analysis can be made to
verify the models used. Further analytical results from these models, for
which no experimental results are available, are then presented and discussed
to gain some more insight into the problem.
5.2 Flat Beam Constitutive Properties.
Before starting the main part of this chapter, it is necessary to define
some of the material properties used for the examples presented below. The
basic ply properties of the AS4-3501/6 graphite/epoxy were given in Table 3.1.
Classical Laminated Plate Theory is then used to calculate the laminate
properties of each lay-up used. Using equations (2.40), the CLPT stiffness
matrices were transformed into beam stiffness properties and the results for
the lay-ups used in this Chapter are shown in Table 5.1. The effective thickness
reported for all the laminates in Table 3.2 was used in calculating the
specimens constitutive properties.
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5.3 Analysis Results for Static Tests.
Using the material properties given above and the actual specimen
dimensions as input, the static analysis program was run with a variable
applied concentrated tip load to check the static tests. In most cases, using the
nominal stiffness properties and the thickness correction mentioned above
gave excellent results for the calculated deflections. In the results shown
below, the thickness (and accordingly the stiffness properties) was then
slightly corrected, usually by 1 to 3%, in order to match the first experimental
point on the P versus w curve (where the behavior can be considered linear).
This was done only once for each specimen (for the case with the root at a
O0 angle) and Table 5.1 reflects this correction. The reason for doing so is that
the nonlinear part of the behavior is the main focus of this study and not the
determination of the laminate stiffness properties.
All the runs were made on a DEC MicroVax II computer and an
analysis with about 10 load levels takes approximately from 30 to 60 seconds of
CPU time, longer times being required for cases with larger deflections and
strong couplings. The beam length was divided into 56 discrete nodes for
plotting convenience, but as little as 15 nodes are usually sufficient to get an
accurate solution. An under-relaxation factor of 0.9 was used and each load
case took between 5 and 18 iterations to converge.
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Table 5.1 Flat Beams Material Properties.
[0/90]3s Laminate t = 1.49 10-3 m
E11 = 3.7 106 N E22 = 8.7 106 N E33 = 2.9 105 N
E44 = 0.183 N.m2  E5 5 = 0.707 N.m2  E66 = 276 N.m2
(4 5/013s Laminate t = 1.47 10-3 m
E11 = 4.0 106 N E22 = 8.7 106 N E33 = 5.5 105 N
E44 = 0.368 N.m2  E55 = 0.522 N.m2  E66 = 298 N.m2
E1Z = 2.7 105 N E45 = 0.102 N.m2
[20/-702/20]2a Laminate t = 1.92 10-3 m
E11 = 3.9 106 N E22 = 1.1 106 N E33 = 1.2 105 N
E44 = 1.18 N.m 2  E55 = 0.983 N.m2  E66 = 290 N.m2
E14 = 522 N.m
[4 5 /013a Laminate t = 1.46 10-3 m
E11 = 3.7 106 N E22 = 8.7 105 N E33 = 2.2 106 N
E44 = 0.854 N.m 2  E55 = 0.555 N.m2  E66 = 279 N.m2
E14 = 226 N.m
Note: in more conventional terms,
Ell - EA E22 - GA E33 - GAC
E44 - GJ E55 - EI1 E66- EI
EI s- Extension-shear coupling E14 - extension-twist coupling
E45 - Bending-twist coupling
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The first example is that of the [0/9013s specimen used in the
experiment. In Figure 5.1, the behavior of the three tip displacements u, v and
w versus load is shown for the case where the root of the beam is at a zero
degree angle. Note that these displacements are measured at a station located
500 mm from the root, and that u is actually negative and that v is zero in this
case. The initial behavior for w is fairly linear and tends to stiffen as the load
increases up to a maximum tip deflection of about 40% of the beam length.
As expected from the linear solution, u is initially very small and the tip of the
beam starts moving in towards the root only when significant rotations are
obtained. As one can see, the agreement between the experimental data and
the analysis is excellent, even at the highest load where the nonlinearities are
becoming more significant. The next Figure (5.2) shows the same
displacements but with the root of the beam placed at a 450 angle and the
agreement between the model and the data is also excellent.
Some other examples are shown in Figures 5.3, 5.4 and 5.5 for the
[45/013s beam with its root oriented at 0° , +450 and -450 respectively. Note also
that in order to have the best agreement with the experimental data (especially
for u), it is necessary to include the beam own weight in the calculations
The next set of figures shown here in Figures 5.6 and 5.7 regards the
[4 5 /013a beam (where the subscript "a" indicates an anti-symmetric layup)
with its root oriented at 00 and +45" respectively. As mentioned before, this
anti-symmetric lay-up develops a large twist of about +650 from root to tip due
to thermal residual strains from manufacturing. As explained in Chapter 2,
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the pre-twist can be easily handled by the current model. As one can see,
agreement between analysis and data is excellent for both cases. Finally, to
conclude the presentation of the static model results, the analysis for the flat,
untwisted [2 0/-702/2012a beam is shown in Figures 5.8 and 5.9.
All of the results presented here for several different types of beams thus
confirm that the model used is well capable of representing the effects of large
deflections and of elastic coupling.
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[0/90]3s Beam at 00
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Figure 5.1 Comparison between analysis (lines) and experimental
data (symbols) for [0/9013s beam with its root at 00.
[0/90]3s Beam at 450
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Figure 5.2 Comparison between analysis (lines) and experimental
data (symbols) for [0/9013s beam with its root at 450.
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[45/0]3s Beam at 00
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Figure 5.3 Comparison between analysis (lines) and experimental
data (symbols) for [45/013s beam with its root at 00.
[45/0]3s Beam at +450
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Figure 5.4
200 250
Comparison between analysis (lines) and experimental
data (symbols) for [45/013s beam with its root at 450.
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[45/0]3s Beam at -450
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Figure 5.5
200 250
Comparison between analysis (lines) and experimental
data (symbols) for [45/013s beam with its root at -450.
[45/0]3a Beam at O0
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Figure 5.6 Comparison between analysis (lines) and experimental
data (symbols) for a [4 5/013a beam with its root at 00 and
+650 pre-twist.
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[45/0]3a Beam at 450
0 50 100 150
u, v, w [mm]
Figure 5.7 Comparison between analysis (lines) and experimental
data (symbols) for [4 5 /013a beam with its root at 450 and
+650 pre-twist.
[20/-70/-70/20]2a Beam at 00
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Figure 5.8 Comparison between analysis (lines) and experimental
data (symbols) for a [20/-70 2/2012a beam with its root at 00.
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[20/-70/-70/20]2a at 450
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Figure 5.9 Comparison between analysis and experiments for a
[20/-702/2012a beam with its root oriented at 450.
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5.4 Analysis Results for Vibration Tests.
After having verified the static model, the next step is to check the small
amplitude vibration model against the experimental data. Here, the main
means of verification is to compare the values of the natural frequencies.
As a first example, the natural frequencies of a straight (w at tip = 0)
[0/9013s specimen are calculated and the results are shown in Table 5.2
together with the experimental values reported in Chapter 4. Note that these
values are the ones that would be obtained using classical beam theory since
there are no structural couplings and since the beam is straight. As one can
see, the agreement is very good for the first three bending modes, but not very
good for the torsion mode. As another example, the frequencies calculated for
a [45/0/451, beam and of [45/0] s beam are also shown in the same table. Once
again, the agreement is good for the bending modes but the value of the torsion
mode frequency is completely different from the experimental value.
Calculations for other specimens show the same trend, good agreement
for the bending frequencies, but very poor correlation for the torsion mode
frequencies. The reason for this discrepancy is the presence of static
deflections in all the specimen tested. A new set of calculation is then
performed to take this effect into account: a small uniform load is applied on
the beam (in the analysis), static deflections are computed and new
frequencies are then calculated. The results are very interesting: even for the
12 plies thick specimen which barely deflect under their own weight, the
presence of a small tip deflection can have a significant effect on the torsion
frequency and fore-and-aft frequency. For instance, for the [0/9013s beam with
an 20 mm tip deflection (compared with a 560 mm specimen length), the
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calculated torsion frequency drops from 84 Hz down to 68 Hz. For the [45/0/45],
specimen with a 37 mm tip deflection, the torsion frequency goes up from 67 Hz
to 107 Hz, which compares well with the data, and for the [45/0] s specimen
with 202 mm of deflection, the torsion frequency goes up from 48 Hz to 64 Hz
and the fore-and-aft mode drops dramatically from 115 Hz to 6.2 Hz.
These preliminary examples illustrate quite well that the static (small
or large) deflection of the beam can have a strong influence on the natural
frequencies. In order to investigate that influence, several beams are analyzed
in some detail and several analysis of each beam are performed.
In all the results presented below, 16 nodes (including the root) were
used to discretize the beam, with 4 degrees of freedoms at each node. The
computer program was run on DEC MicroVax II computer and each load case
requires about 15 seconds of CPU time for the static solution and between 50 to
150 seconds of CPU time for the dynamic solution, the larger times
corresponding to cases with large deflections and strong structural couplings.
In each case, the procedure is the same: a given uniform load is applied on the
beam, the static position is calculated and the tip deflection noted as a
reference, the natural frequencies and mode shapes are then calculated for
that position.
Specific beam material properties for the [0/9013s and [45/0]s natural
frequency and mode calculations are given in Table 5.2(a) on p. 124.
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Table 5.2 Experimental and Analytical Natural Frequencies (Hz)
Lay-up Type wT 1B 2B 3B 1T 1F
[0/9013 s  Exp. 2D 5.7 34 98 64
Ana. 0 5.7 36 101 84 113
Ana. 20 5.7 36 101 68 126
[45/0/4511 Exp. 37 2.3 13 39 118 -
Ana. 0 2.3 14 40 67 99
Ana. 37 2.2 14 39 119 37
(45/0]s  Exp. 137 1.4 8.0 20 68 10
Ana. 0 1.3 8.0 22 48 115
Ana. 137 1.3 8.0 21 61 11
Exp. 202 1.4 8.2 20 57 6.5
Ana. 202 1.4 7.9 22 55 7.5
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The first beam to be looked at is the [0/90]3s specimen since it has no
couplings and will show the effect of large deflections only. In the first set of
graphs in Figure 5.10, some of the mode shapes for a straight beam are shown
as a reference. As one can see, these are the very classical shapes for the first
two bending, fore-and-aft and torsion vibration modes. Note particularly the
frequency of the torsion mode at 84 Hz and of the fore-and-aft mode at 113 Hz.
In the next case, shown in Figure 5.11, the new mode shapes are plotted
after having applied to the beam a small uniformly distributed load resulting
in aftip deflection of about 24 mm (4.3% of the beam length). The bending
modes show little change, both in their frequency and in their shape where a
small u component is now coupled with w. However, for the torsion and fore-
and-aft modes, the change is quite dramatic: what was the torsion mode has
now a strong v component coupled in and the frequency is down to 65 Hz and
what was the fore-and-aft mode has a strong 0 component, with its frequency
going up to 126 Hz. Note also that in the first case, the v and e components are
in opposite phase, while in the second case, they are in phase.*
pos t(u e
The distributed load is then increased, giving aAtip deflection of 59 mm
(11% of the length), and the mode shapes are shown in Figure 5.12. Once
again, the bending mode frequencies does not change significantly and there is
now a larger u component in the modes. The torsion mode has now gone down
to 40 Hz and become mostly a fore-and-aft mode, while the fore-and-aft mode
has gone up to 133 Hz and become mostly a torsion mode. Thus, one can say
that as the deflections increase, these two modes gradually "exchange" their
shapes.
- It should be noted generally, that for negative static tip deflections (i.e., due to
gravity), all u and v components would be the negative of those shown here.
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In the next case shown in Figure 5.13, the load has again been
increased, giving a tip deflection of 114 mm (20% of the length). The frequency
of the "fore-and-aft" mode is down to 23.5 Hz and the mode shape consists
mostly of a v displacement with most of the twist concentrated near the root of
the beam. The "torsion" mode frequency has slightly decreased from the
previous case to 129 Hz. Its shape a large torsion component with a small v
displacement.
Finally, the results for a 210 mm
deflection (37.5% of the length) are shown in Figure 5.14. The same qualitative
observations as in the previous cases can be made about the mode shapes. The
fore-and-aft frequency is down to 14 Hz and the torsion frequency is slightly
down to 116 Hz.
The changes in frequencies with an increasing tip deflection are
summarized in Figure 5.15. The most interesting facts to notice are the
interaction between the fore-and-aft and torsion modes, and how relatively
small amount of deflections can affects their frequencies.
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Figure 5.10b Second Bending, [0/90138 beam, no tip Deflection.
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Figure 5.10c First Torsion Mode, [0/9013 s beam, no tip Deflection.
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Figure 5.10d First Fore-and-Aft Mode, [0/90]3 8 beam, no tip Deflection.
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Figure 5.12c First Fore-and-Aft Mode, [0/9013 s beam, 59 mm tip Deflection.
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Figure 5.12d First Torsion Mode, [0/901]3 beam 59mm tip Deflection.
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Note: in more conventional terms,
Ell EA E2 2 - GAh
E44 -GJ E55 - EIh
E12 " Extension-shear coupling
E 45 - Bending-twist coupling
E33 - GAz
E66 = EIz
E14 - Extension-twist coupling
Table 5.2 (a) Beam Material Properties.
[0/90 13s Laminate t = 1.49x10-3 m
m = 0.0683 kg/m Ip = 5.13x10-6 kg.m
E11 = 3.7x10 6 N E22 = 8.7x106 N E33 = 2.9x105 N
EAA = 0.183 N.m2  Es5 = 0.707 N.m2  E = 276 N.m2
[4 5/0 ]s Laminate t = 0.54x10-3 m
m = 0.0238 kg/m Ip = 1.66x10-6 kg.m
E11 = 1.3x10 6 N E = 3.0x106 N E33 = 1.0x10 5 N
E44 = 0.0195 N.m2  E55 = 0.0143 N.m 2  E66 = 99.0 N.m 2
E12 = 0.9405 N Es = 0.00632 N.m2
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Figure 5.15 Evolution of the Natural Frequencies of a [0/9013s Beam as a
Function of Tip Deflection.
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The next beam illustrated here is the [45/0]1 specimen, which shows the
influence of bending-twist coupling. Calculations are first done for a straight
beam and the results shown in Figure 5.16. As expected, all the bending modes
now contain a twist component, and the torsion and fourth bending mode, at
48.7 Hz and 44.4 Hz respectively, couple together strongly because their
frequencies are relatively close.
positive.
As in the previous example, the magnitude of the\transverse load is
then gradually increased and the changes in frequencies are noted. Results
are shown first for a tip deflection of 24 mm in Figure 5.17: note again how the
first torsion mode starts becoming a fore-and-aft mode and also that the first
fore-and-aft mode per itself has merged with the first and
second torsion (at 89 Hz) mode because their original frequencies were
actually relatively close (115 Hz for the fore-and-aft, 145 Hz for the second
torsion).
Further results are shown for a tip deflection of 70 mm and 203 mm in
Figures 5.18 and 5.19 respectively. The same qualitative comments apply here
and it is particularly interesting to look at the evolution of the torsion and fore-
and-aft modes. As one can see, some of these modes have become quite
complex and can be sometimes difficult to interpret. Note how the first bending
mode is coupled with a fore-and-aft component, how the fore-and-aft,
and second bending modes are all coupled because their frequencies are
relatively close (from 7.5 Hz to 7.9 Hz) and because of the bending-torsion
coupling. The first "pure" torsion mode is also strongly coupled with other
displacements, and as for the (0/9013s specimen, has a small negative portion
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near the root and is vibrating around the bent center line as observed in the
experiments.
Finally, the evolution of the frequencies with tip deflection is
summarized in Figure 5.20. A comparison with the experimental values is
also shown in Table 5.2. The agreement for most frequencies is good, with a
little more error for the torsion mode. One should note though that, in the
analysis, there were several modes with torsion components between 60 and
80 Hz but the one shown had the largest amount of torsion.
Finally, to conclude this section, two more examples of frequency versus
deflection diagrams are shown in Figure 5.21 and 5.22 for the [45/0/45] s and
[0/90/0], beams respectively, and where the experimental frequencies have
been also marked with open circles. In both cases, agreement between
analysis and experiments is also good. Note again the interaction between
fore-and-aft and torsion modes and how in one case both frequencies go down,
while in the other case, one goes up and the other down.
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Figure 5.16c Third Bending Mode, (45/0O] beam, no tip Deflection.
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Figure 5.16d
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Figure 5.17a First Bending Mode, [45/01] beam, 24mm tip Deflection.
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Figure 5.17b Second Bending Mode, (45/01s beam, 24mm Tip Deflection.
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Figure 5.17d First Fore-and-Aft Mode, [45/01] beam, 24mm Tip Deflection.
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Figure 5.17'e First Torsion Mode, [45/0] 8 beam, 24mm Tip Deflection.
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Figure 5.18b Second Bending Mode, [45/0]8 beam, 70mm Tip Deflection.
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Figure 5.18c First Fore-and-Aft Mode, [45/0] beam, 70mm tip Deflection.
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Figure 5.18d
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Figure 5.19a First Bending Mode, [45/0], beam, 203mm tip Deflection.
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Figure 5.19b First Fore-and-Aft Mode, [45/0], beam, 203mm Tip Deflection.
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Figure 5.20 Evolution of the Natural Frequencies of a [45/0]s Beam as a
Function of the Tip Deflection.
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Figure 5.21 Evolution of the Natural Frequencies of a [45/0/45]s Beam as
a Function of the Tip Deflection.
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5.4 Box Beams.
The last group of specimens used in the experiments consisted of three
box beams as mentioned in Chapter 4. One of the goals here is to verify the box-
beam model for generalized stress-strain relations presented in section 2.6 and
also to obtain some data for a structural configuration more realistic than a
flat beam. Unfortunately, these beams are rather stiff and it is not possible to
experimentally study their behavior for really large deflections without
exceeding the beam strength. Therefore, the most interesting data pertain
mostly to the natural frequencies results.
First, structural properties are calculated with nominal ply stiffness
properties and measured width and thickness being used. The resulting beam
properties are shown in Table 5.3. For the [0/45] and [0/45*/90] beams, note the
presence of new structural couplings besides the well-known bending-twist
(E4 5 ) and extension-twist (E 1 4 ) ones, namely, the E3 6 and E2 5 coefficients
which represent couplings between shear and bending. This is caused by the
presence of an A16 coefficient in the laminate A matrix of the lay-up used for
the box faces and the way shear and extensional stresses are distributed in a
box cross-section, as illustrated in Figure 5.23 for the case of a beam with an
identical lay-up on each face arranged in such a way that angle-plies are
wrapped continuously around the beam axis. Two contributions to these shear-
bending couplings are present: first, the shear flow distribution corresponding
to F 3 creates extensional strains of opposite signs on the two vertical sides,
thus creating a bending curvature around the z axis; second, the extensional
stress corresponding to M2 cause shear strains on the top and bottom face,
thus creating shearing in the y direction.
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e
Shear force F creates shear flow S
which creates extensional strains
M
Bending moment M creates extensional force N
which creates shear strains
Figure 5.23 Illustration of Bending and Shear Couplings in a Box Beam.
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In order to check if the box beam model had been correctly developed and
implemented in the computer program, a simple finite element model of these
three box beams was used. For the case of a cantilevered beam of length L
under a tip load P, the linear solution for v and w is given simply by writing the
following equations (for small displacements only).
From strain-displacements relations:
x x
v(x) = iJ 7 ds + i o. ds
w(x) = J y ds - If o ds
Introducing stress-strain relations gives:
v(x) = E-1 F + E- 1 M2 )ds+ (E F + E 6  j ds
w(x) = E F 3 +E M2)ds - f (E F3 +E5M ds
-
1  
-1
where F =P, M 2 =P(s-L), Eij =elements of[E] matrix
3 2 IJ
Which gives the final answer:
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S -1 -1 x2 -1(x2 3 L x2
P 23 632 25 2 65 6 2
w E-1x - E x 2 + E-1 ( 2L - E- l(x 3  Lx 2 )P 33 53 2 35 2 55 6 2
The finite-element model uses one element on each face of the beam and
twenty elements along its length. Each element is a four-node, 24 d.o.f., hybrid
flat shell element described in Ref. 22 and is capable of taking into account
anisotropic materials with fully populated A and D matrices. The results for
the [0/45] beam (1.1m long, 31 mm wide and 7 mm thick as in the experiments,
using the properties shown in Table 5.3) are shown in Figure 5.24 and as one
can see, both solution are identical. Note how the bending and shearing in the
z plane couple with bending and shearing in the y plane to produce some
lateral deflections. Although this v displacement is relatively small compared
to w, it should be noted that v will become more significant compared to w as
the length is decreased or, more exactly, as the aspect ratio of the beam is
decreased.
This example and similar results for the other lay-ups confirm that the
model is correctly implemented and represents correctly the stress-strain
properties of a box beam within the assumptions of beam theory (i.e. ignoring
all deformations in the plane of the cross-section).
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Figure 5.24 Displacements v and w in a [0/45] Box Beam under a 1 N
vertical tip load.
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Finally, the vibration behavior of these beams is analyzed. In order to do
that, it is first necessary to determine the inertia characteristics of the beams,
namely the mass per unit length m and the polar moment of inertia of the
cross-section Ip (= IC + I). These values are shown for each beam in Table
5.3; the mass m was simply measured on the actual specimens, while Ip was
calculated in the following way: first, note that there are three structural
components, the graphite faces, the foam core and the film adhesive. The
mass properties for the first two were determined from their nominal
properties while the mass of the adhesive was determined by the difference
between the total mass and the graphite and foam masses. Using the
measured width and thickness and assuming that the graphite and adhesive
are distributed uniformly around the foam core, the contribution from each
element to Ip was calculated.
The comparison between experimental and calculated frequencies is
shown in Table 5.4. Although the beams have different lay-ups, the bending
frequencies are quite similar because they depend mostly on the presence of
the 00 ply and on the core thickness. As expected, the torsion frequencies for
the [0/45] and [0/45*/90] beams are fairly high so that their experimental
determination is quite difficult. Otherwise, the agreement is quite good for all
the bending frequencies and for the torsion mode of the [0/90] beam.
- 149-
Table 5.3 Box Beams Material Properties
[0/90] Beam
Elz = 1.6 106 N E22 = 9.8 104 N E33 = 8.3 103 N
E44 = 3.902 N.m2  E55 = 15.98 N.m2  E66 = 187.9 N.m2
m = 0.0824 kg/m I11T = 9.2 10-6 kg.m2  I = 7.3 10-7 kg.m2
[0/45] Beam
Elz = 1.7 106 N E22 = 1.8 105 N E33 = 1.6 104 N
E44 = 7.06 N.m2  E55 = 16.3 N.m2  E66= 183 N.m2
E14 = 636 N E25 = -297 N.m E 36 = -123 N.m
m = 0.0823 kg/m IT 1 = 9.10-6 kg.m2  I = 7.1 10 -7 kg.m2
[0/45*/90] Beam
Ell = 1.9 106 N E22 = 3.1 105 N E33 = 1.5 104 N
E44 = 10.4 N.m2  E55 = 20.2 N.m 2  E 66 = 226.3 N.m2
E12 = 1.9 106 N E45 = -3.2 N.m2  E3 6 = -254 N.m
m = 0.0985 kg/m I = 1.4 10-5 kg.m2  I = 1.1 10 -6 kg.m2
Note: in more conventional terms,
E 11 =EA E2 2= GA ,  E33- GACE44 GJ E55 EI E66  E
E12 - Extension-shear coupling E 14 - extension-twist coupling
E45 = Bending-twist coupling E25 = Bending-shear coupling
E3 6 Bending-shear coupling
- 150-
Table 5.4 Natural Frequencies (Hz) for Box Beams.
Lay-up Type 1B 2B 3B 1T 1F
[0/90] Ana. 6.0 37.8 106 148 20.8
[0/90] Exp. 5.9 37 98 155 20
[0/45] Ana. 6.1 38 107 196 20.5
[0/45] Exp. 6.2 39 92 - 19
[0/45*/90] Ana. 6.0 38 107 242 20.6
[0/45 /90] Exp. 5.8 36 100 - 19.5
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5.5 Typical Blade Example.
The validity of the models used having been demonstrated against
experiments in the previous sections, some analytical results will be shown
now for a blade which has structural properties typical of an actual helicopter
rotor blade. The main goal here is to show that some of the effects of
nonlinearities will still be present for a larger scale blade and to illustrate
some of the characteristics of cantilevered blades compared to hinged blades.
However, the goal is not to make a complete parametric study of the problem or
to design a blade since there are a very large number of parameters involved
such as stiffness and inertia properties and distribution along the span,
precone angle, pretwist distribution, aerodynamic properties, etc..., to name a
few. Therefore, the example blade illustrated here is taken as a straight,
untwisted beam with a tip radius of 6.5 m and uniform properties along the
span and no precone angle. The stiffness and inertia properties correspond to
the average values of an AH-1G rotor blade as reported in Ref.1 and shown in
Figure 5.25, while the aerodynamic properties correspond roughly to a NACA
0012 airfoil (see Table 5.5). This section will serve to illustrate the effects of
centrifugal forces and moments on the blade behavior and the air loads
include the effects of drag and of the simple inflow model shown in section 2.4.
First, some results from the static model will be illustrated. The two
variables that can be changed in this example to affect the loading on the blade
are the rotor speed 0 and the root pitch angle Or (i.e. collective pitch). Note
also that all examples shown are for a hovering helicopter.Figure 5.26 shows
how the tip displacements change as the rotor speed Q is increased from 0 to
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50 Rad/s for a fixed root pitch angle of 100 ( 50 Rad/s corresponding roughly to a
sonic condition being reached at the blade tip). The behavior for the tip
displacement w stiffens rapidly because the centrifugal stiffening becomes
larger than the blade own bending stiffness: then, at higher speed, the bending
stiffness increases as the square of Q and so does the lift so that w does not
increase very rapidly. For even higher speed, the centrifugal torsion moment
tends to twist the blade and reduce the angle of attack towards the tip, therefore
reducing the lift and w. The spanwise distribution of the three displacements
is shown in Figure 5.27 (where the beam might not appear clamped at first
glance because the vertical scale has been magnified) and the distribution of
the three moments is shown in the next Figure 5.28, both for a rotor speed of 45
Rad/s (430 RPM) and a collective pitch of 100. Note especially the large peak in
the flap bending moment My near the root of the beam, which is a well-known
draw-back of hingeless or bearingless rotors.
To illustrate that point, the same blade was also analyzed in a fully
hinged configuration (i.e. both in flap and lag) using the method shown in
section 2.7. In Figure 5.29, the difference in tip deflection w between a hinged
and cantilevered blade is shown and, as expected, the hinged blade deflects
more than the cantilevered one but not very much more once centrifugal loads
are present. Similarly, the spanwise distribution of w and My is shown in
Figures 5.30 and 5.31 respectively. The difference for w is not very large but the
maximum bending moment is reduced by over one order of magnitude for the
hinged blade.
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Table 5.5 Typical Blade Properties (S.I.units)
Stiffness Properties:
Ell = 1.0 10 8 N
E44 = 1.0 105 N.m2
Dimensions:
Length = 5.5 m
Radial offset = 1 m
Tip radius = 6.5 m
Chord = 0.65 m
Inertia Properties:
m = 18 kg/m
Ip = 0.656 kg.m2
Aerodynamic Properties:
CLa = 6 .
CM =0
CD = 0.01 + 0.0065 CL 2
E22 = 3.0 107 N
E55 = 1.1 105 N.m2
E33 = 2.0 106 N
E66 = 1.0 10 7 N.m2
Note: in more conventional terms,
E1 1 EA
E44" GJ
E22 GAT,E55 EI
E33 GA
E66 - EIl
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Figure 5.25 Spanwise Stiffness Properties Distribution of AH1-G blade
(Reproduced from Reference 1).
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Figure 5.26 Example Blade Tip Displacements versus Omega for Root
Angle of 100.
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Figure 5.27 Example Blade Spanwise Displacements Distribution for
Q = 45 rad/s (430 RPM) and for Root Angle of 100.
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Figure 5.28 Example Blade Spanwise Moments Distribution for 0 = 45
rad/s (430 RPM) and for Root Angle of 100.
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Figure 5.29 Comparison of tip deflection versus 0 for Cantilevered and
hinged blade.
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Figure 5.30 Comparison of Spanwise w Distribution for Cantilevered
and hinged blade.
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Figure 5.31 Comparison of Spanwise Bending Moment Distribution for
Cantilevered and hinged blade.
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Finally, to conclude this section, some results from the vibration model
are presented. First, one can look at the influence of rotation effects on the
blade natural frequencies. Only the centrifugal forces will be taken into
account here since Coriolis forces are usually fairly small compared to the
other forces. Taking Coriolis forces into account would not be difficult with the
current model but would usually double the size of the eigenvalue problem
since one has to take both displacements and velocities into account and set up
the differential equations of motions in a first order format.
The first Figure (5.32) shows the evolution of the frequencies versus rotor
speed Q for a blade "in vacuum", that is, with no loading applied to the beam,
and shows the usual Campbell diagram for the blade. As expected, all the
bending frequencies are very much affected as the beam is being stiffened by
centrifugal forces while the torsion is only slightly affected. The next case
however shows some more interesting results: here, the rotation speed of the
rotor is set at 0 = 45 rad/s and the collective pitch is varied from 0' to 100, thus
changing the lift on the blade and the beam deformed shape. The change in lift
is shown in Figure 5.33 while the change in tip deflection w is shown in Figure
5.34, with a maximum tip w of about 9% of the beam length. If a purely linear
analysis was used, changing the collective pitch would have no influence on
the natural frequencies and mode shapes; with the current nonlinear model
though, the frequencies are affected by the beam deformation as shown in
Figure 5.35. As for the non-rotating beams in the previous sections, there is a
significant effect of deformations on the torsion and fore-and-aft modes, with
the torsion increasing by 56% and the fore-and-aft decreasing by 21%. Note that
these changes are caused by the static deformations alone and do not include
any aeroelastic effects where the aerodynamics would influence the system
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frequencies. Some of the mode shapes for a pitch angle of 100 are shown in
Figure 5.36 an for a pitch angle of 200 in figure 5.37: notice how the first
bending and first fore-and-aft mode both contain some torsion component
because the beam is bent around both principal axes (unlike in the previous
sections where the beam was bent around its weak axis only), and that the first
torsion mode shape is affected in a way very similar to the examples shown in
the previous sections for non-rotating beams. Finally, in Figure 5.38, the mode
shapes obtained for a hinged blade under the same conditions are shown to
conclude the comparison between hinged and cantilevered blades. The
frequencies for the bending modes are smaller but, again, not by much since
the centrifugal forces provide most of the stiffness. The only major change is
the fore-and-aft mode whose frequency is lower then both the first bending
mode and the rotation speed, and is more like a rigid-body mode stiffened
somewhat by centrifugal forces.
All these examples shown here are not an extensive study of helicopter
rotors, but illustrate well some of the possibilities offered by the previous
model, for the static loads and strength design of a rotating blade as well as for
the dynamic and vibration behavior of many different blade configurations.
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Figure 5.32 Example Blade Natural Frequencies Evolution versus Rotor
Speed in Vacuum.
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Figure 5.33 Example Blade Lift versus Collective Pitch at Rotor Speed
Q = 45 rad/s.
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Figure 5.34 Example Blade Tip Deflection versus Collective Pitch at a
Rotor Speed KI = 45 rad/s.
- 162-
Rotor Speed = 45 rad/s
65
60-
55
50,
45-
40
35
30
25
20
15
10
5
0
Root Pitch Angle [Deg.]
Figure 5.35 Example Blade Natural Frequencies versus Collective Pitch
at a Rotor Speed Q = 45 rad/s.
3B
1T
2B
............ 1F
- l-------------------B
1B
.,...,..
-
-
.
-
-
-
4
"
.-..
____~~. 
. ........
. . . . II . . . . I "
Figure 5.36a
-163-
sm
First Bending Mode, Cantilevered Blade, Rotor Speed
9 = 45 rad/s, Pitch =10*.
1F
13.3 Hz
w
. ... .. U
8
o. i. 2. .sm
Slom
Figure 5.36b First Fore-and-Aft Mode, Cantilevered Blade, Rotor Speed
Q = 45 rad/s, Pitch =100.
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Figure 5.36c Second Bending Mode, Cantilevered Blade, Rotor Speed
Q = 45 rad/s, Pitch =100.
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Figure 5.36d Third Bending Mode, Cantilevered Blade,
Q = 45 rad/s, Pitch =100.
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Figure 5.36e First Torsion Mode, Cantilevered Blade, Rotor Speed
Q = 45 rad/s, Pitch =10*.
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Figure 5.37b First Fore-and-Aft Mode, Cantilevered Blade, Rotor Speed
Q = 45 rad/s, Pitch =200.
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Figure 5.37c Second Bending Mode, Cantilevered Blade,
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Figure 5.37d Third Bending Mode, Cantilevered Blade, Rotor Speed
Q = 45 rad/s, Pitch =200.
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First Torsion Mode, Cantilevered Blade, Rotor Speed
Q = 45 rad/s, Pitch =200.
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Figure 5.38b First Fore-and-Aft Mode, Hinged Blade, Rotor Speed
9 = 45 rad/s, Pitch =200.
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Figure 5.38c Second Bending Mode, Hinged Blade, Rotor Speed
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Figure 5.38d Third Bending Mode, Hinged Blade, Rotor Speed Q = 45 rad/s,
Pitch =200.
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5.6 Effect of Static Deflections.
As it has been seen in the previous sections, static deflections can have a
significant effect on blade natural frequencies. In this section, some simple
non-dimensional examples will be used to look at the evolution of the first fore-
and-aft and torsion modes as the beam tip deflection w is increased. Besides
the ratio of tip deflection to length, two other parameters appear to influence
the behavior: the first one is the relative position of the frequencies for the first
torsion and first-fore-and-aft for the beam in a straight, undeformed shape; the
second parameter is the ratio of the chordwise bending stiffness E6 6 (EI) to
the torsional stiffness E4 4 (GJ) , for the case where the beam is bent in the z
direction; if it was bent in the y direction, then the ratio of the flap bending
stiffness E5 5 (EI1 ) to the torsional stiffness E4 4 (GJ) would also influence the
behavior. In the following examples, a beam of unit length and unit mass per
length for which the first bending frequency has been set to 1 is considered.
The chordwise bending stiffness, torsional stiffness and polar moment of
inertia are then varied to give different ratios of torsional to fore-and-aft
frequency.
In the first case shown in Figure 5.39, the chordwise bending stiffness
E6 6 is chosen so that the frequency of the first fore-and-aft mode is 10. The
torsional stiffness and the polar moment of inertia are adjusted in the same
ratio so that the frequency of the torsional mode of the undeformed beam is
always set to 8. For each case, the changes in frequencies are then noted as the
tip deflection is increased. The first observation is that the frequency of the first
bending frequency is completely unaffected by the changes in stiffness of the
other two modes. Different curves are shown for various ratio of E6 6 /E 4 4
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(EI/GJ) : the value of 1250 corresponds roughly to the flat beam specimens
presented earlier, while 125 is similar to the example rotor blade shown in the
previous section. The main conclusion is that as the ratio of E6 6 /E 4 4
increases, the interaction between the two modes becomes stronger. Also, the
changes in mode shapes are similar to those seen in the previous sections
where the higher frequency mode starts as a fore-and-aft mode and becomes
mostly a torsion mode, while the lower frequency mode starts as a torsion
mode and becomes a fore-and-aft mode.
In the next case shown in Figure 5.40, the properties have been changed
so that the frequency of the torsional mode of the undeformed beam is always 8
and the frequency of the first fore-and-aft mode is always 5. The observation
are similar to those made for the previous case, except that the lower frequency
mode is always the fore-and-aft mode and the higher frequency mode the
torsion mode.
Finally, in the last case shown in Figure 5.41, the frequency of the fore-
and-aft mode is set to back to 10 while the frequency of the torsion mode is
lowered to 4. Unlike in the previous to cases, both frequencies are now going
down when the deflections are increased. Therefore, it appears that when the
torsion frequency is much below the the fore-and-aft frequency, both
frequencies go down, and when they are close together or when the torsion is
above the fore-and-aft, one mode goes up and the other down.
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Figure 5.39 Effect of static deflections on beam frequencies for various
ratios of bending and torsional stiffness (1T=8, 1F=10 and
E66/E44 = EI/GJ).
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Figure 5.40 Effect of static deflections on beam frequencies for various
ratios of bending and torsional stiffness (1T=8, 1F=5 and
E66/E44 - EI /GJ).
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Figure 5.41 Effect of static deflections on beam frequencies for various
ratios of bending and torsional stiffness (1T=4, 1F=10 and
E66/E44 = EI/GJ ).
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Chapter 6
Conclusions
Finally, in this last chapter, the most interesting findings of this
research will be briefly listed, along with some suggestions for some extension
of the present work.
First, on the analytical side, a new model has been developed for the
large deflection behavior of beams. The model has the capability of handling
arbitrarily large rotations and displacements and can represent the influence
of all structural couplings that may be introduced by the use of anisotropic
composite materials. A set of twelve first order nonlinear differential equations
for the force vector, moment vector, Euler angles and displacements,was
obtained to describe the blade behavior under static loads. A solution procedure
was also developed to solve this set of equations and is based on an iterative
scheme in which equilibrium and compatibility equations have been decoupled
and are integrated from the tip to the root of the beam and back. The use of an
explicit finite-difference scheme makes very easy to handle nonlinear terms
and the procedure can be easily and efficiently implemented on a computer.
The solution procedure is very modular and easy to extend as shown, for
instance, for the shear deformation case. It could also be easily extended to
include additional effects such as nonlinear stress-strain relations or a more
involved aerodynamic model. For the dynamic behavior, the complete model
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was linearized to determine the blade natural frequencies and mode shapes
around its static deformed position. Lastly, a new method to calculate the
beam stress-strain properties of a box beam was presented. The method can
handle beams made with any anisotropic material and can calculate the
structural couplings coefficients present in a box beam section.
Several experiments on composite flat beams of various lay-ups were
performed to verify the various aspects of the analysis. The static tests
illustrated well the large deflection behavior of cantilevered beams and showed
the influence of bending-twist couplings on the deformations. Very good
agreement was obtained for all cases between experimental data and analysis
results. In the vibration tests, the natural frequencies of flat and box beams
were determined. All of these beams were curved to various extent because of
their own weight and because of some thermal residual strains. The data
shows that the amount of static deflection present in the beam has a strong
influence on the frequency of the fore-and-aft and torsion modes which become
increasingly coupled as the deflection increases. This effect was also obtained
in the results from the analytical model and the agreement with the
experimental data was also good, even when large static deflections were
present. The influence of the bending-twist coupling was also visible in the
vibration tests and was well represented in the model. Besides verifying the
present models, these experimental data should also be of interest to other
researchers in the field since data on composite beams are relatively scarce in
the literature.
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Using the present method to analyze a typical helicopter rotor blade , it
was also shown that the effect of static deformations on blade frequencies can
be significant for a large scale blade, even under rotation. These changes in
frequency, which can be predicted only with nonlinear theory, have not been
previously clearly pointed out and could affect the dynamic and aeroelastic
stability of the helicopter.
Regarding future work here as far as the structural model is
concerned, one aspect that was not addressed here is the influence of the
warping of the beam cross-section under torsion (Ref.23), and it could be
interesting to include it in the present model. Another possibility would also be
to include the effect of nonlinear stress-strain relations which can be
important for some lay-ups with ±450 plies for instance. In addition to these
improvements in the structural model, another step in this research would
probably be to include an aerodynamic model for unsteady loads in the current
analysis in order to study the aeroelastic behavior of rotor blades.
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